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Definition

Group

Definition
(G, *,e) is a group if for all a,b,c € G,
@ ax(bxc)=(axh)xc,
O axe=exa=a,
© exists unique a ' € G suchthat axa l=alxa=1.

If ax b = b x a always, then abelian group.

Lemma

If R commutative unitary ring, then R* ={r € R|r is a unit } is an abelian group
under multiplication. In particular, if R field, then R* = R \ {0}.
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Remember: in Z,, g = [al, invertible iff gcd(a, n) = 1.

S
Definition
Z>n>1.

o 7 ={laly|gcd(a,n) =1}.

* ¢(n) =[{1<a<n|ged(an) =1}| = |Z].

Calculating a”
mod n

- _

Zs = {[1ls, [2]5, [3]s, [4]s}, Zg = {[1]s, [Be}-
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Definition

® G finite group, g € G.

° g2 =gx*xg, g3:g>kg>l<g, et cetera.

g l=glxgl=(gxg)"

Sl =g

® gc Ghasordero(g) =nif g"=1butg”#1forl < m<n.

® Exists since g’ = g/ implies g’ 7 = g0 = 1.

o g°=1iff n|s.

o gl =g/ iffi=j mod n.

® Say that a has (multiplicative) order n modulo m if o([al,) = n, i.e. if 3" =1
mod m but not for smaller power.
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® 32=9=1 mod 8, so 3 has multiplicative order 2 modulo 8.

©32-0=4 mod5, 33=27=2 mod5, 83*=81=1 mod5, so 3 has
multiplicative order 4 modulo 5.
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Definition

® G group, * operation, 1 unit

geG

° (g)={g"|lneZ}

® Subgroup of G, smallest that

contain g

Cyclic subgroup generated by g

If G = (g) then G cyclic group, g
generator

Additively: (G, +,0),

(g) ={ng|neZ}

Zg not cyclic



G, H groups

f : G — H bijection,

fle1* &) = flg1) * f(g2)

G ~ H, G and H isomorphic

Same structure, different name for
elements

All properties preserved

In particular, up to iso, only one
cyclic of size n, call it C,.

(Zny+) ~ Gy
(Z) +) = COO!
(Z;‘;) *) =~ C.4
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® G, H groups
e GxH={(g,h)|lge G, he H}

e Componentwise addition and multiplication

Eule
Fermat Lemma
c

® G, H groups

® g € G, h e H, finite orders

© (g,h)e GxH

O Then o((g,h)) =lcm(o(r), o(s))



Number
Theory,
Lecture 2b

Jan Snellman

Group theory
Definition
Multiplicative order
Multiplication tables
Cyclic groups
Direct products of
groups

Fermat,Euler
Euler's thm
Fermat

Calculating a”
mod n

Ring theory

Theorem
Con =~ Cyy x C, iff gcd(m, n)

® (3 x G5~ Cy5
* ([4]3,[4]5) «— [4]15

1




® Introduced by shanks in “Solved and Unsolved Problems in Number Theory"”

® Draw eachcyclel g — g% — - —g"=1

® Remove sub-cycles

Lo G x Q3






o Gx G x G




G group

|G| =n< o0
e gecG

Then o(g)|n

Not hard at all, but needs some machinery (cosets). O

We will prove this for the important special case G = Z,, using elementary

methods.
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Theorem (Euler)

If gcd(a, n) =1 then
a®™ =1 mod n *)

Equivalently, [a2'™ = [1], € Z*.

Proof.

Put s = &(n). Let T ={t1,..., ts} be a choice of one elem from each class in Z.
Claim: aT also one from each. All at; non-congruent modulo n, as before. Since
ged(t;, n) =1 and ged(a, n) = 1 then ged(at;, n) = 1.

1% (t1tr---ts) = (aty)(atp) - - - (ats) = a°(t1tr - -+ ts) mod n

Cancel titp - - - ts, you are allowed! ]
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n=8, T={1,3,5,7},
a=5, aT ={5,15,25,35} ={5,7,1,3} mod 8,
5t1 *5tr xbt3 x5ty =5 *x7x1*x3=1%x3*x7*5=1 mod 8
5t; % 5ty % 5tz % 5ty = 5% x t1totzts =5** 1% 3%x5%x7=1%1 mod 8
n=3, T ={1,2},
a=2 al ={2,4} ={2,1} mod 3,
2t1 x2th =2%1=1%2=2 mod 3
2t %2t =22k ty x th =22 % 1 %2 =22 %2 mod 3

Fermat,Euler

Euler's thm

Fermat

Calculating a”
mod n

Ring theory



Suppose p prime, p fa. Then
a?1=1 modp (**)

Equivalently, (a5 " = [1], € Z}.

d(p)=p—1. O




Number
Theory,
Lecture 2b

Jan Snellman

Group theory _

Sl What is the remainder when dividing 12471231 with 77

Muiltiplicative order

Muiltiplication tables

et 12481231 = (178 % 7 + 2)2050+1  mod 7
Fermat,Euler = 2205*6+1 mOd 7

Euler's thm

— = 22056 , ol mod 7

Calculating 2°
mod n

= (2929 42! mod 7
=1%25421 mod 7

=2 mod7

Ring theory
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Group theory What is 319 modulo 237

e 3=1 mod 23
S 3'=3 mod 23
B 32=32=9 mod 23
" 34 =(3%)2=81=12 mod 23
Ring theory 8=(3"2=122=6 mod 23
6=(3%2=62=13 mod 23
SO

319 — 3164241 _ 316 , 32, 31 — 1349%x3 =6 mod 23
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What is 312 modulo 177
319 = 31643 _ 316 , 33 =33 = 10 mod 17

What is x = 319 modulo 17 % 23 = 3917

x =10 mod 17
x=6 mod 23

x =230 mod 391
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Definition

R, S commutative, unitary rings

T=RxS={(ns)|reR,seS}

Componentwise addition and multiplication

R ~ S iff exists bijection F : R — S which preserves multiplication and
addition:

@ F(a+b)=F(a)+ F(b)
@ F(ab) = F(a)F(b)



® R,S commutative, unitary rings
®T=RxS
©® Then T* ~ R* x S*

® Zinn == Lim X Ly iff gcd(myn) =1
® I/fged(m,n) =1 then Z},, ~ Z;, X 7,
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* m=3, n=4
Group theor
. e gcd(myn) =1
® 73 X Zg ~ 712 as rings

Ly~ G, Ly ~ G

Fermat,Euler

Euler’s thm L >{2 ~ G x G C,ﬁ Cy
;n':ég ® Multiplication tables:
Ring theory Z§ ZZ ZIZ
* 1 5 7 11
« |1 2 « |1 3 1| 1 5 7 11
1 1 2 1 1 3 5 5 1 11 7
2 ‘ 2 1 3 ‘ 3 1 7 7 11 1 5
11 11 7 5 1
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