
Ground vehicle motion control
TSFS12: Autonomous Vehicles — planning, control, and learning 

systems 

Lecture 6: Erik Frisk <erik.frisk@liu.se>



Scope of this lecture

• Introduce control structure and architecture for path and trajectory 
following 

• Basic approaches to motion control 

• Basic notion of trajectories, paths and curvature 

• Two methods for path following controllers 

• Pure-pursuit 

• Stabilization by state-feedback control 

• Comment on properties of linear and non-linear controllers
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Reading instructions

• Main texts 

• Paden, Brian, et al. "A survey of motion planning and control 
techniques for self-driving urban vehicles." IEEE Transactions on 
intelligent vehicles 1.1 (2016): 33-55. 
 
A good but slightly advanced text. Therefore many details are 
included in these lecture notes 

• Coulter, R. Craig. "Implementation of the Pure Pursuit Path Tracking 
Algorithm" (1992).  
[But don’t look at the figure in this paper, it is badly scaled and 
difficult to understand; use figures in these slides instead]
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Reading material, cont’

• Want to dig a little deeper? Here’s some extra reading… 

• Siciliano, B., and Oussama K., eds. “Springer handbook of robotics”. 
Springer, 2016. Part E, Chapters 49 (wheeled robots), 51 
(underwater), and 52 (aerial). 

• Werling, M., Gröll, L., and Bretthauer, G.. “Invariant trajectory 
tracking with a full-size autonomous road vehicle”. IEEE 
Transactions on Robotics 26.4 (2010): 758-765. 
 
An advanced, control oriented, text on nonlinear trajectory stabilizing 
controllers.
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Control architecture
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Control architecture from Paden et al., IEEE Trans. Intell. Vehicles, 1:1, 2016.
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Basic motion controller
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Controller Vehicle
+

Path/Trajectory Position/velocity/…Error Control

• Paths/trajectories from a high-level planner 

• Obstacle detections 

• What happens if you get away from intended path; how to get back on 
track 

• Receding horizon control, MPC, and replanning



Approaches
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Controller Model Stability Time Complexity Comments/Assumptions

Pure Pursuit (V-A1) Kinematic
LES? to

ref. path
O(n)∗ No path curvature

Rear wheel

based feedback
(V-A2) Kinematic

LES? to

ref. path
O(n)∗ C2(Rn) ref. paths

Front wheel

based feedback
(V-A3) Kinematic

LES? to

ref. path
O(n)∗

C1(Rn) ref. paths;

Forward driving only

Feedback

linearization
(V-B2)

Steering rate

controlled kinematic

LES?

to ref. traj.
O(1)

C1(Rn) ref. traj.;

Forward driving only

Control Lyapunov

design
(V-B1) Kinematic

LES? to

ref. traj.
O(1)

Stable for constant path

curvature and velocity

Linear MPC (V-C)
C1(Rn ⇥ R

m)
model]

LES? to ref.

or path
O
⇣p

N ln
�

N
"

�

⌘† Stability depends

on horizon length

Nonlinear MPC (V-C)
C1(Rn ⇥ R

m)
model]

Not guaranteed O( 1
"
) ‡ Works well in practice

From Paden et al., IEEE Trans. Intell. Vehicles, 1:1, 2016.

≈



Vehicle model

• We’ll use the kinematic single-track 
vehicle model in the lecture 

• More advanced vehicle dynamics models 

• Tires and friction 

• Suspension 

• Load transfer 

• … 

• TSFS02 - Vehicle Dynamics and  
Control 

• Techniques still useful!
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(x, y)
δ

θ

lL

ẋ = v cos(θ)

ẏ = v sin(θ)

θ̇ =
v

L
tan(δ)

<latexit sha1_base64="t7mtBGHUPFR4h3Grd7Gdyvp97C0="></latexit>

m(v̇x − vyψ̇) = Fx,f cos(δ) + Fx,r − Fy,f sin(δ) = FX

m(v̇y + vxψ̇) = Fy,f cos(δ) + Fy,r + Fx,f sin(δ) = FY

IZ ψ̈ = lfFy,f cos(δ)− lrFy,r + lfFx,f sin(δ) = MZ



Paths and trajectories



Path vs trajectory
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• Path - , points parameterized by position  

• Trajectory - . points parameterized by time  

• Path to trajectory through a velocity profile 

               

p(s), s ∈ [0, sf ] s

p(s(t)), t ∈ [0, tf ] t

s(t) = ∫
t

0

v(τ) dτ

Path

p(s) = (x(s), y(s))

s = 0

s = sf

Trajectory

p(t) = (x(s(t)), y(s(t)))

s = 0

s(tf ) = sf



Trajectory control or path + velocity control

• Trajectory control/stabilization ≈  

•  Path control/stabilization ≈  for some function  

•  position at point  ∼ velocity function  

• Sometimes; trajectory control is split into two sub-controllers 

• Path control using steering, and velocity control using acceleration/
velocity 

• Simpler to separate, but combined approaches have more freedom and 
could result in better performing solutions

pveh(t) → pref(t)

pveh(s(t)) → pref(t) s(t)

s(t) t v(t) = ·s(t)
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Controller Vehicle
+

Path/Trajectory Position/velocity/…Error Control



Trajectory control or path + velocity control

• For collision avoidance, it clearly matters 
not only where to drive but also when you 
are at specific locations. 

• Path control is mathematically relaxed 
compared to trajectory control 

• An essential part of vehicle control and this 
lecture will focus on path control

12

Controller Vehicle
+

Path/Trajectory Position/velocity/…Error Control



Curvature - rate of change of heading

• Curvature  of a planar curve is defined as how fast the tangent  

approaches the normal   

                           

• With heading , the tangent and normal are 

               

and then the curvature is 

              

κ(s) T

N
dT(s)

ds
= κ(s)N(s)

θ

T = (cos θ

sin θ), N = (−sin θ

cos θ )
κ =

dθ

ds
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Curvature - rate of change of heading
• A straight line has   

•
A circle has  

•  counter clockwise

κ(s) = 0

κ(s) =
dθ

ds
= 1/r

κ(s) > 0
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dθ
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θ



Curvature - rate of change of heading

• In cartesian coordinates one can show  
that locally, for a curve parameterized  

by a position parameter s,   the  
curvature is 

               

• Home exercise: Derive this expression for a curve  

 by differentiating equations 

                     

and solve for  (all differentiations with respect to ). 

• A path is often specified by a discrete set of via points,  
then, e.g., spline interpolation techniques can be used to  

compute  [This is the approach in hand-in 3]

p(s) = (x(s), y(s))

κ = x′ y′ ′ − y′ x′ ′ 

(x(s), y(s))

x′ = sin(θ), y′ = cos(θ)

θ′ s

x′ (s), y′ (s), x′ ′ (s), y′ ′ (s)
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Curvature - single-track kinematic model

• For a single-track kinematic model 

             

• The curvature of the path then becomes 

            

• And the model can be written

·x = v cos(θ)
·y = v sin(θ)

·
θ =

v

L
tan(δ)

κ =
dθ

ds
=

1

L
tan(δ)
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r
p

·x = v cos(θ)
·y = v sin(θ)

·
θ = v u, u =

1

L
tan δ ∼ curvature	of	path



Pure-pursuit control



Pure-pursuit control, basic idea

• A simple control technique to compute the 
arc needed for a robot to get back on path 

• Derived early 80’s 

• With a look-ahead horizon, , find  

point  on the path to aim for 

• Compute the turning radius  to get  
there 

• For a single-track ground vehicle, this 
corresponds to a steering angle with care of 

sign of , positive for left-turn (increasing ) 

                      

l

p = (x, y)

r

r θ
1

L
tan δ =

1

r
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p = (x, y)
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Derivation of pure pursuit control law

• Pure-pursuit horizon  ∼ look-ahead 

horizon 

• Pursuit point  intersection 
between path and look-ahead circle 
in vehicle local coordinates 

• From pursuit point  determine  

steer radius  and then steer action  

•  

• Basic relations 

          

l

p = (x, y)

p

r δ

p = (x, y) → r → δ

l2 = x2 + y2

r2 = d2 + y2

x = d + r
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Control law
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• Simple algebra 

                        

• Curvature of a single track model 
 

                        

• Pure-pursuit control action is then 
 

                  

• Negative sign since  corresponds 

to left-turn (increasing )

r =
l2

2x

c =
dθ

ds
=

1

L
tan δ

tan δ = − L
2x

l2

δ > 0

θ
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Pure-pursuit, summary

1. Determine intersection point  between path 

and look-ahead circle (with radius ) 

2. Determine coordinates of  in vehicle-local 

coordinate system  

3. Steering angle  for single-track model with 

wheel-base  

                            

p

l

p

p = (x, y)

δ

L

tan δ = − L
2 x

l2
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l

p = (x, y)



Some implementation considerations

• How point  is determined is important for smooth controls 

• Look-ahead horizon 

• Short horizon — agile but less smooth 

• Long horizon — smooth and less agile 

• Possible extensions 

• Ellipses instead of circles 

• Offset circle 

• Speed dependencies 

• …

p
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l

p = (x, y)



Formulating path tracking as a state-

stabilization problem



State-feedback control

• Classical stabilization problem, choose controller such that  

• With , it is a state-feedback problem; otherwise output feedback

y → ref

y = x

24

Controller Vehicle
+

Path/Trajectory Position/velocity/…Error Control

·x = g(x, u)

y = h(x)

u = K(y, ref) =

= K0(ref) − K1(y − ref)

Feed-backFeed-forward



Formulating path tracking as a stabilization problem

• Distance from path is described by 
two variables 

     - distance from path 

    - heading error 

• To reformulate, write the equations 
 
 
 
 

such that 

d

θe

x = (d, θe)
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X

Y

Ps

P

Pm

O

d

θ

θe

θs

θs

isjs

jm

im

s

ẋ = g(x, u)

y = h(x)
<latexit sha1_base64="X7XM/SfllU4i3+4JGUDsZDtNt0E=">AAACB3icbZDLSsNAFIYnXmu8RV0KMliUFqQktVC7EIpuXFawF2hCmUyn7dDJhZmJtITu3Pgqblwo4tZXcOfbOEmDePth4Jv/nDOX3w0ZFdI0P7SFxaXlldXcmr6+sbm1bezstkQQcUyaOGAB77hIEEZ90pRUMtIJOUGey0jbHV8m9fYt4YIG/o2chsTx0NCnA4qRVFbPOLD7gYwnM3h8DoeFyQmMiratT5PtqDAp9oy8WTJTwb9gZZAHmRo9410diCOP+BIzJETXMkPpxIhLihmZ6XYkSIjwGA1JV6GPPCKcOP3HDB4ppw8HAVfLlzB1v0/EyBNi6rmq00NyJH7XEvO/WjeSgzMnpn4YSeLj+UWDiEEZwCQU2KecYMmmChDmVL0V4hHiCEsVnZ6GUEsF51CtZFCzvkJolUvWaal8XcnXL7I4cmAfHIICsEAV1MEVaIAmwOAOPIAn8Kzda4/ai/Y6b13Qspk98EPa2yfaHJch</latexit>

u = K(y, ref) =

= K0(ref)−K1(y − ref)
<latexit sha1_base64="sMFmJisF5NVKPI25jGJ6XQO8+aU="></latexit>



Frenet frame/local error equations
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X

Y

Ps

P

Pm

O

d

θ

θe

θs

θs

isjs

jm

im

s

ẋ = v cos(θ)

ẏ = v sin(θ)

θ̇ =
v

L
tan(δ) = v u, u ∼ curvature

<latexit sha1_base64="rvUZrWMxopo1WfMcwmB5TCx1abM="></latexit>

ḋ =?

θ̇e =?
<latexit sha1_base64="lKLIrNpXzpOLvJG1fzCFruyDe2w=">AAACJHicbVDLSgMxFM3Ud31VXboJVsVVmakFdSGKblwqWBU6Q8mkt21o5kFyRyjD/IAf4tqtfoM7ceHGvX9hOh3E14HAuefce5McP5ZCo22/WaWJyanpmdm58vzC4tJyZWX1SkeJ4tDkkYzUjc80SBFCEwVKuIkVsMCXcO0PTkf+9S0oLaLwEocxeAHrhaIrOEMjtSubbifCtJPR7UN65LrlvHSxD8iyNhRqu1K1a3YO+pc4BamSAuftyofZw5MAQuSSad1y7Bi9lCkUXEJWdhMNMeMD1oOWoSELQHtp/puMbhmlQ7uRMidEmqvfJ1IWaD0MfNMZMOzr395I/M9rJdjd91IRxglCyMcXdRNJMaKjaGhHKOAoh4YwroR5K+V9phhHE+CPTeCloG9Nc1bOsznIQcdkr1GQA+crm6t6zdmt1S8a1eOTIqVZsk42yA5xyB45JmfknDQJJ3fkgTySJ+veerZerNdxa8kqZtbID1jvn2oEpF0=</latexit>

In	the	next	slides,	P = Pm

#        –

PmP = l1im + l2jm
<latexit sha1_base64="ykHzCALeZRkIKyxL0RbF/CuJV3k="></latexit>



Frenet frame/local error equations
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X

Y

Ps

P

Pm

O

d

θ

θe

θs

θs

isjs

jm

im

s

ẋ = v cos(θ)

ẏ = v sin(θ)

θ̇ =
v

L
tan(δ) = v u, u ∼ curvature

<latexit sha1_base64="rvUZrWMxopo1WfMcwmB5TCx1abM="></latexit>

In	the	next	slides,	P = Pm

#        –

PmP = l1im + l2jm
<latexit sha1_base64="ykHzCALeZRkIKyxL0RbF/CuJV3k="></latexit>

ṡ =
v

1− dc(s)
cos(θe)

ḋ = v sin(θe)

θ̇e = v u− ṡc(s)
<latexit sha1_base64="PVvxa7b4ZjYlfjZun+StIiSscZE="></latexit>



Path following

• A linear controller with  feed-forward term  

          

• Steer signal  is then determined in 

          

• Design variables are then:  and constants  and  

• Stability:  

• LQR-design is a systematic way (more later) 

• Non-linear control  design opens up 

new possibilities

u0

u = u0 − k1d − k2θe

δ
1

L
tan δ = u

u0 k1 k2

(d, θe) → 0
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ṡ =
v

1− dc(s)
cos(θe)

ḋ = v sin(θe)

θ̇e = v u− ṡc(s)
<latexit sha1_base64="PVvxa7b4ZjYlfjZun+StIiSscZE="></latexit>
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isjs

jm
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s

(P = Pm)



Derivation of Frenet frame/local error equations
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X
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P

Pm
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d
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θe

θs

θs

isjs

jm

im

s

#        –

OPm
<latexit sha1_base64="dSO+2oWZ2XMGVks4AlfBoB00Nk8=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4KjO1ULsrunFnBfuAdiiZ9E4bmnmQZAbKMF/g2q1+gztx61f4Cf6F6XQQqx4IHM45N7k5TsiZVKb5YRTW1jc2t4rbpZ3dvf2D8uFRVwaRoNChAQ9E3yESOPOho5ji0A8FEM/h0HNm1wu/F4OQLPDv1TwE2yMTn7mMEqWlwTCOk9v2KPHSdFSumFUzA/5LrJxUUI72qPw5HAc08sBXlBMpB5YZKjshQjHKIS0NIwkhoTMygYGmPvFA2km2corPtDLGbiD08RXO1J8TCfGknHuOTnpETeVvbyH+5w0i5V7aCfPDSIFPlw+5EccqwIv/4zETQBWfa0KoYHpXTKdEEKp0Sys3gZ2AjHU4LWXdNDPgJWnUc9K0vrvp1qrWRbV2V6+0rvKWiugEnaJzZKEGaqEb1EYdRFGAHtETejYejBfj1XhbRgtGPnOMVmC8fwGfkpvH</latexit>

#        –

PmP
<latexit sha1_base64="UVClBp4IbdhgWKnucxO6NwM6P1E=">AAACCXicbVDLSgMxFM34rPVVdekmWARXZaYWandFNy5HsA+YDiWT3rahmQdJZqAM8wWu3eo3uBO3foWf4F+YTgex6oHA4Zxzk5vjRZxJZZofxtr6xubWdmmnvLu3f3BYOTruyjAWFDo05KHoe0QCZwF0FFMc+pEA4nscet7sZuH3EhCShcG9mkfg+mQSsDGjRGnJGSRJag9TP7OzYaVq1swc+C+xClJFBexh5XMwCmnsQ6AoJ1I6lhkpNyVCMcohKw9iCRGhMzIBR9OA+CDdNF85w+daGeFxKPQJFM7VnxMp8aWc+55O+kRN5W9vIf7nObEaX7kpC6JYQUCXD41jjlWIF//HIyaAKj7XhFDB9K6YTokgVOmWVm4CNwWZ6HBWzrtp5cBL0mwUpGV9d9Ot16zLWv2uUW1fFy2V0Ck6QxfIQk3URrfIRh1EUYge0RN6Nh6MF+PVeFtG14xi5gStwHj/AqG3m8g=</latexit>

#      –

OPs
<latexit sha1_base64="CrMO0ejGwlQSMPhjcuJWcnlec6U=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4KjO1ULsrunFnBfuAdiiZ9E4bmnmQZAbKMF/g2q1+gztx61f4Cf6F6XQQqx4IHM45N7k5TsiZVKb5YRTW1jc2t4rbpZ3dvf2D8uFRVwaRoNChAQ9E3yESOPOho5ji0A8FEM/h0HNm1wu/F4OQLPDv1TwE2yMTn7mMEqWlwTCOk9v2KJFpOipXzKqZAf8lVk4qKEd7VP4cjgMaeeAryomUA8sMlZ0QoRjlkJaGkYSQ0BmZwEBTn3gg7SRbOcVnWhljNxD6+Apn6s+JhHhSzj1HJz2ipvK3txD/8waRci/thPlhpMCny4fciGMV4MX/8ZgJoIrPNSFUML0rplMiCFW6pZWbwE5AxjqclrJumhnwkjTqOWla3910a1Xrolq7q1daV3lLRXSCTtE5slADtdANaqMOoihAj+gJPRsPxovxarwtowUjnzlGKzDevwCpQJvN</latexit>

#      –

PsP
<latexit sha1_base64="f7ZHc8NATiHly2HBjGgSS81ghpQ=">AAACCXicbVDLSgMxFM34rPVVdekmWARXZaYWandFNy5HsA+YDiWT3rahmQdJZqAM8wWu3eo3uBO3foWf4F+YTgex6oHA4Zxzk5vjRZxJZZofxtr6xubWdmmnvLu3f3BYOTruyjAWFDo05KHoe0QCZwF0FFMc+pEA4nscet7sZuH3EhCShcG9mkfg+mQSsDGjRGnJGSRJag9TmdnZsFI1a2YO/JdYBamiAvaw8jkYhTT2IVCUEykdy4yUmxKhGOWQlQexhIjQGZmAo2lAfJBumq+c4XOtjPA4FPoECufqz4mU+FLOfU8nfaKm8re3EP/znFiNr9yUBVGsIKDLh8YxxyrEi//jERNAFZ9rQqhgeldMp0QQqnRLKzeBm4JMdDgr5920cuAlaTYK0rK+u+nWa9ZlrX7XqLavi5ZK6BSdoQtkoSZqo1tkow6iKESP6Ak9Gw/Gi/FqvC2ja0Yxc4JWYLx/Aatrm84=</latexit>

ẋ = v cos(θ)

ẏ = v sin(θ)

θ̇ =
v

L
tan(δ) = v u, u ∼ curvature

<latexit sha1_base64="rvUZrWMxopo1WfMcwmB5TCx1abM="></latexit>

In	the	next	slides,	the	derivation	(for	 ),	so	you’ll	know	how	to	derive	for	other	vehiclesP = Pm

#        –

PmP = l1im + l2jm
<latexit sha1_base64="ykHzCALeZRkIKyxL0RbF/CuJV3k="></latexit>

ṡ =
v

1− dc(s)
cos(θe)

ḋ = v sin(θe)

θ̇e = v u− ṡc(s)
<latexit sha1_base64="PVvxa7b4ZjYlfjZun+StIiSscZE="></latexit>



• For curvature it holds 

• Then the heading error dynamics are 

• For movement in a rotating coordinate system  
(see your old calculus course) 

             

First expression ( )

dp

dt
=

d*p

dt
+ ω × r

⃗OP = ⃗OPs + ⃗PsP

Derivation of Frenet equations for single-track model
30

c(s) =
dθs

ds
=

dθs

dt

✓

ds

dt

◆

−1

⇒ θ̇s = c(s)ṡ
<latexit sha1_base64="CsEZw6ZblzXVbQSrqMrhZXqRKxU="></latexit>

d
#    –

OP

dt
=

d
#      –

OPs

dt
+

d
#      –

PsP

dt
<latexit sha1_base64="V2wURsSiVzVK/JW/U0UUKCdQLXY="></latexit>

d
#      –

OPs

dt
= ṡis

<latexit sha1_base64="q1QRAE3LM/JasqA4x8wy+BD/YOU="></latexit>

θ̇e = θ̇ − θ̇s = v u− ṡc(s)
<latexit sha1_base64="GyOpM8jdKYHTtnEc3IRdYEUSi/U="></latexit>

d
#      –

PsP

dt
= ḋjs +





0
0

θ̇s



×





0
d

0





= ḋjs − dθ̇sis = ḋjs − dc(s)ṡis
<latexit sha1_base64="JOXCbaaoz+IsjYSZ6jdmlNqiAFA="></latexit>



• Second expression ( ) 

• Setting expressions equal, expressing all in -frame, and some 

algebra (with ) 
 
 
 
 

• Stabilizing  means following the path 

• Note that  is not a state, only 

⃗OP = ⃗OPm + ⃗PmP

(is, js)

dc(s) < 1

(d, θe) → 0

s (d, θe)

Derivation of Frenet equations for single-track model
31

d
#    –

OP

dt
=

d
#        –

OPm

dt
+

d
#        –

PmP

dt
<latexit sha1_base64="8h9Almc33CB5JS/DXn2qlrXTe/A="></latexit>

d
#        –

OPm

dt
= v im

<latexit sha1_base64="075kYTnIbsnBGlrlEYTXuxRzXcs="></latexit>

d
#        –

PmP

dt
= 0 +





0

0

θ̇



×





l1

l2

0




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jm = − sin(θe)is + cos(θe)js
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ṡ =
1

1− dc(s)
[(v − l2u) cos(θe)− l1u sin(θe)]

ḋ = (v − l2u) sin(θe) + l1u cos(θe)

θ̇e = θ̇ − θ̇s = v u− ṡc(s)
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What does mean?d c(s) < 1

•  is the orthogonal distance from the 
vehicle to the path 

• What happens when ? 

• , when  we have issues 

• Extreme case; all points on the circle are 
orthogonal and same distance

d

dc(s) = 1

c(s) = 1/r d = r
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ṡ =
v

1− dc(s)
cos(θe)

ḋ = v sin(θe)

θ̇e = v u− ṡc(s)
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Why did I show this algebra?

• Not expected to memorize calculations 

• Other kinds of vehicles 

• Tracking-point  might be very 
important, e.g., when reversing the 
truck to the right

P
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Some implementation comments
• Tuning of controller means selecting 

• feedback gain 

• Feed-forward — anticipate curves, we know what is coming 

• Vehicle does not perfectly follow the kinematic motion model, 
feedback introduces robustness! 

• Main step is to determine  and  

• Note 

• distance error  has a sign 

• Angles wrap around , tempting to litter code with modulo .  
Don’t do that! Instead look at next slide!

d θe

d

2π 2π

34



Heading error using cross and dot products
• Heading vectors  and , heading error  

• Properties of  dot and cross product 

•  

•  

• Use these for heading vectors 

 

 

and .  

Important  

Use function arctan2() to compute  , otherwise you get problems for .

h hs θe = θ − θs

⃗x ⋅ ⃗y = | ⃗x | | ⃗y |cos α

⃗x × ⃗y = | ⃗x | | ⃗y |sin α ⃗n

⃗h s ⋅ ⃗h = | ⃗h s | | ⃗h |cos θe

(hs

0) × (h

0) = | ⃗h s | | ⃗h |sin θe (
0

0

1
)

θe = arctan
sin θe

cos θe

θe θe = π /2
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Linear controller
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A	linear	feedback	controller	can	be	expected	to	work	well	close	to	the	path
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Limitations of linear controllers
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A main difficulty — efficient determination of  and d θe
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difficulty





Feedback control design - LQR and Nonlinear 

Design



Linear Quadratic Regulators (discrete time)

• A systematic way to compute the feedback gain for linear systems is  
LQR - Linear Quadratic regulators 

        

• The feedback gain  minimizing the cost-function 

       

is given by  where  is the solution to the 
Discrete-time Algebraic Riccati Equation (DARE) 

       

• Looks hairy, but the solvers are available: idare (Matlab) or 
scipy.linalg.solve_discrete_are (Python)

xt+1 = Axt + But, ut = − Kxt

K

J =

∞

∑
t=0

xT
t Qxt + uT

t Rut

K = (R + BTPB)−1BTPA P

P = ATPA − ATPB(R + BTPB)−1BTPA + Q

41



Linear Quadratic Regulators
• Cost function from last slide 

      ,   

• Matrices  and  are the tuning variables for the controller 

• For the path follower  and . With  

      ,  

the parameters get intuitive meaning and the cost-function becomes  

     

J =

∞

∑
t=0

xT
t Qxt + uT

t Rut

Q R

x = (d, θe) u = curvature

Q = (
q1 0

0 q2
)

∞

∑
t=0

q1d
2
t + q2θ

2
e,t + Rκ2

t

42



Applying the LQ controller

• The LQR controller is based on a linear model, the error system of the 
Frenet frame is non-linear 

• This means you have to linearize  

• around which operating condition? 

• Which speed? 

• Which curvature? 

• Compute a feedback gain and keep it constant, I don’t recommend a 

time-varying feedback gain and recomputing  in every step.K
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Linearized error dynamics

• Linearized error dynamics can be useful in simple controller design 

• Non-linear error dynamics,  

                                                   

• Linearized error dynamics given using 
the Jacobians 

                                                

·s =
v

1 − d c(s)
cos(θe)

·
d = v sin(θe)
·
θe = v u − ·s c(s), u ∼  curvature

∂f

∂x
= v

0 cos(θe)

−
c(s)2cos θe

(1 − d c(s))2

sin θe

1 − d c(s)

,
∂f

∂u
= v (0

1)
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Non-linear path followers - Lyapunov stability

Parts of the material in the following section are slightly more 
advanced and can be considered as bonus material in the course. The 
methods presented here will not be part of the basic hand-in exercise.



Stability of non-linear systems — a large topic

• A linear system 

     
is asymptotically stable if 

     

• Concept of eigenvalues no longer 
exists for non-linear systems as in 
linear systems 

• One classical approach is to use a 

measure of state size,  with 

equality only for  

• If , , then the state-size 

always decreases and then 

·x = Ax

eig(A) < 0

V(x) ≥ 0

x = 0
·

V(x) < 0 x ≠ 0

x → 0
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• A damped pendulum is clearly stable,  
it will settle in the downward position 

• State-size ∼ energy in the system 
 

 

• Simple algebra gives that 
 

    

V = kinetic energy + potential energy

=
mL2

2
ω2 + mgL(1 − cos θ) ≥ 0

·
V = − μmLω2 ≤ 0 (only semi-definite, here sufficient)

⇒ ω → 0 ⇒ θ → 0

Classical example — stability of a damped pendulum
47

L
θ

·
θ = ω

·ω = −
g

L
sin θ −

μ

L
ω

Gravity
Damping



Linear systems and the Lyapunov equation

• For a linear system 

     
and a quadratic Lyapunov candidate 

      

• Then 

      

• Corresponds to the Lyapunov equation which you might have seen 

     

which has a symmetric positive-definite solution  iff matrix  is 
asymptotically stable. 

• Common Lyapunov functions: system energy and quadratic forms

·x = Ax

V = xTPx, P > 0, PT = P

·
V = xT(ATP + PA)x

ATP + PA + Q = 0, Q > 0

P A

48



Lyapunov stability of path follower

• The nonlinear controller 

 

was derived using Lyapunov 
arguments 

• Formulate a size measure 

           

and choose control-law  such that 

            

• A quadratic form 

           

u = u0 − k1

sin θe

θe

d − k2θe

V(d, θe) ≥ 0

u
·

V ≤ 0

V = c1d
2 + c2θ

2
e
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ṡ =
v

1− dc(s)
cos(θe)

ḋ = v sin(θe)

θ̇e = v u− ṡc(s)
<latexit sha1_base64="PVvxa7b4ZjYlfjZun+StIiSscZE="></latexit>
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Summary and take-home message



Summary and take-home message

• Introduce a control structure and architecture for path and trajectory 
following 

• Know basic ways to characterize paths, trajectories, curvature 

• Pure-pursuit control for path following 

• How to transform path following into a classical state-stabilization 
problem 

• Reflect upon non-linear effects on the path follower and how to approach 
that
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Path following algorithms covered
Pure-Pursuit 

• Determine point  on path on 

look-ahead distance  

• Determine curvature , or radius , to 
get to that point 

• Determine steering angle  such that 
the vehicle follows a circle segment 
with radius r 

• For kinematic single-track model 

p = (x, y)

l

κ r

δ

tan δ = − L
2x

l2

52

State-feedback 

• Determine distance-error  and 

heading-error  

• Select a feedback-law, e.g., a 
linear controller 

       
that stabilizes the error-
dynamics 

• Linear controller might not 
work far from the path

d

θe

u = u0 − K1d − K2θe
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