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Purpose of this Lecture

• Give a background on dynamic optimization, particularly with 
respect to applications in motion planning and control and the 
main ideas of the methods used: 

• motivation and challenges, 

• fundamental concepts and methods, 

• application examples. 

• Demonstrate a case-study for optimization of motion primitives. 

• Connected to Hand-in Exercise 2.
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Expected Take-Aways from this Lecture

• Be familiar with basic concepts in optimization and common 

methods for numerical optimal control for systems described by 
continuous-time dynamic models. 

• Not expected to get insights into all details of the treated 
methods, primarily on a general level for understanding of their 

applicability. 

• Have knowledge about different applications of dynamic 

optimization for motion planning and control for autonomous 

vehicles.
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Literature Reading
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The following book and article sections are the main reading material for this lecture. References to 
further reading are provided throughout the slides and at the end of the lecture slides. 

• Limebeer, D. J., & A. V. Rao: ”Faster, higher, and greener: Vehicular optimal 
control”. IEEE Control Systems Magazine, 35(2), 36-56, 2015. 

• For a more mathematical treatment of the topic of numerical optimal control 
and further reading on the methods presented in this lecture: Chapter 8 in 
Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model Predictive Control: Theory, 

Computation, and Design. 2nd Edition. Nob Hill Publishing, 2017.



Outline of the Lecture
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• Introduction to dynamic optimization and application examples. 

• Methods and concepts for solving continuous-time optimal 

control problems using numerical methods. 

• Case study: computation of optimal motion primitives.



Context in the Architecture for an Autonomous Vehicle
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Figure from: Paden, B., Čáp, M., Yong, S. Z., Yershov, D., & Frazzoli, E: ”A survey of motion planning and control 
techniques for self-driving urban vehicles”. IEEE Transactions on Intelligent Vehicles, 1(1), 33-55, 2016.

Dynamic optimization 

is possible to  

apply at all layers in  

the architecture for 

different tasks (with 

varying constraints 

on real-time 

computational cost).



Introduction to Dynamic Optimization and  
Application Examples



Recall Motion-Planning Problem from Lecture 4

• Compute a strategy for transferring a vehicle from an initial state 

to another desired state.  

• Constraints on control inputs and states, as well as a 
performance criterion to be fulfilled.
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Dynamic Optimization – Examples (1/3)
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• Vehicle maneuvers at-the-limit of 
tire friction for development of 
future safety systems for 
autonomous vehicles.  

• Traverse the hairpin turn in as 
short time as possible. 

• The plot shows results for different 

vehicle models.

K. Berntorp, B. Olofsson, K. Lundahl, & L. Nielsen: ”Models and methodology for optimal trajectory generation in 
safety-critical road-vehicle manoeuvres”, Vehicle System Dynamics, 52(10):1304–1332, 2014.



Dynamic Optimization – Examples (2/3)
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• Perform an avoidance 

maneuver, while spending as 
short time as possible in the 
opposite driving lane.  

• Single-track vehicle model 
combined with tire–road 

friction model.

P. Anistratov, B. Olofsson, & L. Nielsen: ”Lane-deviation penalty formulation and analysis for autonomous vehicle avoidance maneuvers”, 
Proceedings of the Institution of Mechanical Engineers, Part D: Journal of Automobile Engineering, 235(12), 2021.

m(v̇x − vyψ̇) = Fx,f cos(δ) + Fx,r − Fy,f sin(δ)

m(v̇y + vxψ̇) = Fy,f cos(δ) + Fy,r + Fx,f sin(δ)

IZ ψ̈ = lfFy,f cos(δ)− lrFy,r + lfFx,f sin(δ)
<latexit sha1_base64="UNbKyMW1qjZPpAdrgX3GMeiB9aQ="></latexit>



Dynamic Optimization – Examples (3/3) 11

• Perform an avoidance maneuver, while spending as short time as 
possible in the opposite driving lane.  

• Vary the initial velocity and the geometry of the obstacle and study 
the resulting optimal vehicle maneuvers.

P. Anistratov, B. Olofsson, & L. Nielsen: ”Lane-deviation penalty formulation and analysis for autonomous vehicle avoidance maneuvers”, 
Proceedings of the Institution of Mechanical Engineers, Part D: Journal of Automobile Engineering, 235(12), 2021.



Dynamic Optimization – Background (1/2)
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• Finding solutions to optimization problems involving system dynamics 

(e.g., the motion equations of an autonomous vehicle). 

• Optimal control for finding input signals and state trajectories for 
optimizing a performance criterion, while fulfilling model dynamics and 
often also other requirements. 

• Sometimes also unknown parameters to be found. 

• The methods in this lecture are important for model predictive control 
(MPC) (see Lecture 7). 

• Moving-horizon estimation (MHE) (dual problem to MPC).



Dynamic Optimization – Background (2/2)
13

• In this lecture the focus is on numerical methods for dynamic optimization, 
since many real-world problems are intractable with analytical methods. 

• Independent variable considered in this lecture is time   , but also other 
variables like distance possible. 

• Examples:  

• Motion planning for autonomous vehicles and robots, 

• Optimal battery-charging planning for autonomous electric vehicles, 

• Efficient electric motor and engine control,  

• Traffic-flow optimization in city environments.

t
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System Dynamics (1/2)
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• The motion equations to be considered are described by 
differential equations for the states in continuous time (or 
difference equations in discrete time), see Lecture 3. 

• Possibly also algebraic variables and associated algebraic 

equations.



System Dynamics (2/2) 15

• Explicit ordinary differential equation (ODE) system: 

• Differential-algebraic equation (DAE) system, fully implicit to 
the left and semi-explicit form to the right:

ẋ = f(t, x, u)
<latexit sha1_base64="I1FMMxDTstkPatel53uMWWJVcdc=">AAAB+nicbVDLSgMxFM34rPU11aWbYBEqlDJTBd0IRTcuK9gHtEPJpJk2NJMZkjvaUvspblwo4tYvceffmLaz0NYDFw7n3Jvce/xYcA2O822trK6tb2xmtrLbO7t7+3buoK6jRFFWo5GIVNMnmgkuWQ04CNaMFSOhL1jDH9xM/cYDU5pH8h5GMfNC0pM84JSAkTp2rt2NAA/xFQ4KUBwWk9OOnXdKzgx4mbgpyaMU1Y79Zd6gScgkUEG0brlODN6YKOBUsEm2nWgWEzogPdYyVJKQaW88W32CT4zSxUGkTEnAM/X3xJiEWo9C33SGBPp60ZuK/3mtBIJLb8xlnACTdP5RkAgMEZ7mgLtcMQpiZAihiptdMe0TRSiYtLImBHfx5GVSL5fcs1L57jxfuU7jyKAjdIwKyEUXqIJuURXVEEWP6Bm9ojfryXqx3q2PeeuKlc4coj+wPn8A9YKSgQ==</latexit>

t – time

x – states

u – inputs
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F (t, ẋ, x, z, u) = 0,

G(t, x, z, u) = 0
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ẋ = F (t, x, z, u),

0 = G(t, x, z, u)
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t – time

x – states

z – algebraic variables

u – inputs
<latexit sha1_base64="LUdCPF4X8kuJdNmY8RND7lj/1LE="></latexit>



Objective Function
16

• The function to be optimized (i.e., minimized or maximized) is 
referred to as the objective function. 

• Also known as cost function, if to be minimized. 

• If objective function independent of optimization variables: feasibility 

problem. 

• Can involve optimization variables at any time point in the considered 
interval         , e.g., integral of quadratic function and penalty on 

terminal states (at time    ).
[0, T ]
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Constraints
17

• In addition to the motion equations, there are often several other 
limitations or requirements to consider. 

• Mathematically described by equalities or inequalities. 

• Examples: 

• Limits on control signals, such as maximum acceleration. 

• Geometric constraints for vehicle obstacle avoidance. 

• Physical constraints on internal states and other variables, such 
as maximum power from motor.



A First Optimization Example (1/3)
18

• Assume an autonomous car that should move from point A to 
point B, driving along a straight road.  

• Perform this task in as short time as possible. 

• The quantity that we can control on the car is the acceleration. 

• Limitations on maximum acceleration and maximum velocity 
of the car.



A First Optimization Example (2/3)
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• Mathematical formulation of the motion-planning problem for the 
autonomous car over time horizon         : 

• Identification of variables leads to the expressions:

minimize T

subject to ṗ = v, v̇ = a,

p(0) = 0, v(0) = 0,

p(T ) = 100, v(T ) = 5,

amin ≤ a ≤ amax

vmin ≤ v ≤ vmax
<latexit sha1_base64="RTw1plhUEqK7SVufg/KuIw8nW40="></latexit>

p – position

v – velocity

a – acceleration

T – terminal time
<latexit sha1_base64="SO5Nabh1L6vArAAMQaG6GN4DQOA="></latexit>

x =

�

p v
�T

, u = a, f =

�

v u
�T
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[0, T ]
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System dynamics

Initial conditions

Terminal constraints
Input and state 

constraints



A First Optimization Example (3/3) 20

• Resulting trajectories for the position, 
velocity, and acceleration of the car.

p(0) = 0, p(T ) = 100 m,

v(0) = 0, v(T ) = 5 m/s,

vmin = −10 m/s,

vmax = 10 m/s,

amin = −3 m/s
2
,

amax = 3 m/s
2

<latexit sha1_base64="asaHYQW2rKHZkfQf84Wi/fO2D2U="></latexit>



Mathematical Formulation 21

• Optimization problem over time horizon          , where     
possibly is a free optimization variable: 

• Minimization of terminal time can be formulated: 

minimize

Z
T

0

L(x(t), u(t)) dt+ Γ(x(T ))

subject to x(0) = x0, ẋ(t) = f(t, x(t), u(t)),

x(t) ∈ X, u(t) ∈ U, x(T ) ∈ XT , t ∈ [0, T ]
<latexit sha1_base64="u082adnvLNJ/EjRUYS72JUjmuDI="></latexit>

T =

Z
T

0

1 dt
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[0, T ]
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Lagrange integrand

Initial conditions

System dynamics

State and control  
constraints

Terminal 
constraints

Mayer term



Challenges and Solution Strategies for 
Dynamic Optimization



Challenges (1/2)
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• Objective function with equality and inequality 
constraints. 

• Optimization algorithm often finds loopholes in 

model. 

• Continuous-time dynamics (infinite dimensional). 

• Often non-linear and non-convex problems in 
applications. 

• Local and global optima of the optimization problem.

Convex

Non- 
Convex

”In constrained as well as in unconstrained minimization, convexity is a watershed 

concept. The distinction between problems of ’convex’ and ’nonconvex’ type is 

much more significant in optimization than that between problems of ’linear’ and 

’nonlinear’ type.” – R. T. Rockafellar, Fundamentals of Optimization, Univ. of 
Washington, Seattle. 

Boyd, S. & L. Vandenberghe: Convex Optimization. Cambridge University Press, 2004.



Challenges (2/2)
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• Convex optimization problem (convex feasible set and convex objective function): 
a local minimum is also a global minimum. 

• Non-convex optimization problem: can be challenging to even find one local 
optimum, and no information about objective value at possible other local optima. 

• How to find local minima? 

• Recall from previous courses in calculus that local optima of a function can be 
found using the derivative. 

• Here we mainly consider iterations based on Newton’s method and optimality 

conditions.  

• How to numerically compute required derivatives of involved functions with 
sufficient accuracy?

Boyd, S. & L. Vandenberghe: Convex Optimization. Cambridge University Press, 2004.



Solution Strategies – Overview
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Single Shooting Multiple Shooting Collocation

Indirect Methods based on 
Pontryagin’s Maximum Principle

Dynamic Programming based 
on HJB Equation

Direct Methods for  
transformation to a large NLP

Continuous-Time Dynamic Optimization Problem

Diehl, M: Numerical Optimal Control, Optec, K.U. Leuven, Belgium, 2011.



Numerical Solution of an Optimal Control Problem
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• Two major approaches to discretization related to optimization 
problems: 

• Discretize the control inputs and reformulate optimization 
problem in initial state and control inputs (sequential). 

• Discretize both control inputs and states and keep all 
variables in the optimization (simultaneous).

Diehl, M: Numerical Optimal Control, Optec, K.U. Leuven, Belgium, 2011.



Direct Methods for Dynamic 
Optimization



Direct Methods – The Overall Idea 28

Diehl, M: Numerical Optimal Control, Optec, K.U. Leuven, Belgium, 2011.

minimize

Z
T

0

L(x(t), u(t)) dt+ Γ(x(T ))

subject to x(0) = x0, ẋ(t) = f(t, x(t), u(t)),

x(t) ∈ X, u(t) ∈ U, x(T ) ∈ XT , t ∈ [0, T ]
<latexit sha1_base64="u082adnvLNJ/EjRUYS72JUjmuDI="></latexit>

Infinite-

dimensional 

optimal control 

problem

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>

Discretization

Optimization 

problem with a  

finite set of variables, 

a non-linear program



Direct Methods
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• First discretize the optimization problem, then optimize to find an 
approximate solution to the original continuos-time optimization 
problem.  

• Transform the infinite-dimensional optimization problem to a finite-
dimensional non-linear program (NLP) by discretization of the control 
inputs and possibly states. 

• Then solve the (typically large) NLP, utilizing sparsity.  

• Focus on direct simultaneous methods in this lecture (well-proven track 
record in many applications).

Diehl, M: Numerical Optimal Control, Optec, K.U. Leuven, Belgium, 2011.



Direct Single Shooting (1/2)
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• Basic idea of single shooting:  

• Discretize control inputs (piecewise 
constant in the figure to the right). 

• Start with an initial guess of control 
inputs and integrate dynamics 

forward in time with these inputs. 

• Iteratively update control inputs 
and re-simulate dynamics forward.

Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model Predictive Control: Theory, Computation, and Design. 2nd Edition. Nob Hill Publishing, 2017. 

u1
<latexit sha1_base64="owU612ss0kt/beWsTZ0WWxk+PTU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAIbI2h</latexit>

u2
<latexit sha1_base64="3KK009f1vFrlgPwst9msQx+MaaY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEJ8I2i</latexit>

uN
<latexit sha1_base64="6p5OgkgU1Nmgk2LeR/fwKZC7Qkc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ9q765XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx80YI2+</latexit>

x(t)
<latexit sha1_base64="0/c74ZxaxbQ/fx+9aT5avb8EXX0=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosevFYwX5Au5Rsmm1Dk+ySzIpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38ziPThkfqAaYx8yUZKR5ySiCTnqpwPihX3Jo7B14lXk4qKEdzUP7qDyOaSKaACmJMz3Nj8FOigVPBZqV+YlhM6ISMWM9SRSQzfjq/dYbPrDLEYaRtKcBz9fdESqQxUxnYTklgbJa9TPzP6yUQXvspV3ECTNHFojARGCKcPY6HXDMKYmoJoZrbWzEdE00o2HhKNgRv+eVV0q7XvIta/f6y0rjJ4yiiE3SKqshDV6iB7lATtRBFY/SMXtGbI50X5935WLQWnHzmGP2B8/kDgxeN4w==</latexit>

x0
<latexit sha1_base64="pJX5d/KVD2TALrkO//cbwYf0jxQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeo2j</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

T
<latexit sha1_base64="wuUeoCr40AnIpr753sXMM0828Vs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukVSl7V+VK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPsPeM3A==</latexit>



Direct Single Shooting (2/2)
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• Sequential approach that optimizes over the control parameters 
(typically assuming piecewise constant control). 

• One of the most straightforward methods to implement, though 
challenging with unstable system dynamics and handling of state 
constraints.

Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model Predictive Control: Theory, Computation, and Design. 2nd Edition. Nob Hill Publishing, 2017. 

Optimize Integrate

Initial guess
Updated control 

parameters

StatesOptimal 
solution



Direct Multiple Shooting (1/2)
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• Extension of single shooting: 

• Divide the time horizon into 
elements and apply single 
shooting in each element. 

• Add continuity constraints 
(equality) at the element junctions 
for the states. 

• A hybrid between sequential and 
simultaneous approach.

Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model Predictive Control: Theory, Computation, and Design. 2nd Edition. Nob Hill Publishing, 2017. 
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• Explicit Runge-Kutta (RK) methods common for the integration of the 
states in each element. 

• The division into elements implies better numerical accuracy (especially 
for unstable system dynamics). 

• Allows initialization of state trajectories and easier handling of path 

constraints. 

• Sparsity in the Jacobian and Hessian matrices corresponding to the 
resulting NLP.

Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model Predictive Control: Theory, Computation, and Design. 2nd Edition. Nob Hill Publishing, 2017. 



Direct Simultaneous Collocation (1/4)
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• Consider an explicit ODE: 

• Numerical integration with 
explicit or implicit Runge-

Kutta methods (with step 
size    and parameters          ). 

• Implicit methods imply 
(nonlinear) equation solving.

Explicit

Implicit

ẋ = f(t, x)
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xn+1 = xn + h

sX

i=1

biki,

k1 = f(tn, xn),

k2 = f(tn + c2h, xn + h(a2,1k1)),

...

ks = f(tn + csh, xn + h(as,1k1 + . . .+ as,s−1ks−1))
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• As in multiple shooting, divide the time horizon into elements. 

• Discretize both state and input trajectories and include 
numerical integration conditions as equality constraints in the 
optimization (collocation equations), often using implicit 
integration methods. 

• Define a number of collocation points within each element.

Magnusson, F: Numerical and Symbolic Methods for Dynamic Optimization, Ph.D. Thesis TFRT-1115, Dept. Automatic Control, Lund University, 2016.



Direct Simultaneous Collocation (3/4)
36

• Represent state variables within each element using Lagrange 

interpolation polynomials (piecewise polynomials over the 
time horizon) of order      .  

• Collocation polynomials for state derivatives obtained by 
differentiating Lagrange polynomials for the state variables. 

• Add state-boundary constraints at the element junctions for 
continuity.

Magnusson, F: Numerical and Symbolic Methods for Dynamic Optimization, Ph.D. Thesis TFRT-1115, Dept. Automatic Control, Lund University, 2016.

Nc
<latexit sha1_base64="Sw3AkBupv8uhdU3sdmxwfxsF4ks=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSw12P9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2anTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6RRuCt/jyMmlWK955pXp/Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w8Yyo2s</latexit>



Direct Simultaneous Collocation (4/4)
37

• Choice of collocation points within each element leads to different versions of implicit 

Runge-Kutta methods (nonlinear equation system): 

• Gauss-Legendre – collocation points chosen as zeros of orthogonal Legendre 
polynomials, strictly in interior of element and symmetric around midpoint of 
element. 

• Radau – always includes the end point of the element, provides so called stiff 
decay and exhibits good numerical stability in many applications. 

• Lobatto – always includes the initial point and the end point of the element as 
collocation points. 

• Variant of direct collocation: pseudo-spectral methods where only one element over 
the entire time horizon          , but high-order polynomials for the interpolation 
polynomials (i.e., many collocations points).

Magnusson, F: Numerical and Symbolic Methods for Dynamic Optimization, Ph.D. Thesis TFRT-1115, Dept. Automatic Control, Lund University, 2016.

[0, T ]
<latexit sha1_base64="6rkbDEYhrYZTjO8g8oy7sRe9vpI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY9FLx4rNG0hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut7O2vrG5tV3aKe/u7R8cVo6O2zrJFKE+SXiiuhHWlDNJfcMMp91UUSwiTjvR+H7md56o0iyRLTNJaSjwULKYEWys5AfuZSvsV6puzZ0DrRKvIFUo0OxXvnqDhGSCSkM41jrw3NSEOVaGEU6n5V6maYrJGA9pYKnEguownx87RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T8vyEx8G+ZMppmhkiwWxRlHJkGzz9GAKUoMn1iCiWL2VkRGWGFibD5lG4K3/PIqaddr3lWt/nhdbdwVcZTgFM7gAjy4gQY8QBN8IMDgGV7hzZHOi/PufCxa15xi5gT+wPn8Aempjhg=</latexit>



Collocation – Example (1/2) 38

• Approximate the state trajectories with piecewise third-order 

polynomials and collocation points using Radau scheme.  

• Points distributed in the normalized interval        :  

• Introduce a uniform width of each element 

• Collocation points illustrated graphically (non-uniform!)

[0, 1]
<latexit sha1_base64="RzpZWzBI4ePLz9UbIOQIRjg7IuM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5TdVtBj0YvHCvYDtkvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8e3M7zxRpZkUD2aS0CDGQ8EiRrCxUtt3L7wA9csVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvte25iggwrwwin01Iv1TTBZIyH1LdU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/PD810XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdKuVb16tXZ/WWnc5HEU4QRO4Rw8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8LOo4f</latexit>

τ =
�

0 0.1551 0.6449 1
�

<latexit sha1_base64="+eQTQh9sbLtPDBiSl2YsYs72CUU="></latexit>

tk = kh, k = 0, . . . , N
<latexit sha1_base64="pfM8KjVTVVTJGV4qyIg0tti/aIg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgopSkCroRim5cSQXbCk0Ik8m0HTp5OHMjlNKdG3/FjQtF3PoL7vwbJ20W2nrgwplz7mXuPX4iuALL+jYKC4tLyyvF1dLa+sbmlrm901JxKilr0ljE8s4nigkesSZwEOwukYyEvmBtf3CZ+e0HJhWPo1sYJswNSS/iXU4JaMkz98Eb4HM86Fewc5+SAGcvq+KIIAZVufbMslW1JsDzxM5JGeVoeOaXE8Q0DVkEVBClOraVgDsiEjgVbFxyUsUSQgekxzqaRiRkyh1N7hjjQ60EuBtLXRHgifp7YkRCpYahrztDAn0162Xif14nhe6ZO+JRkgKL6PSjbiowxDgLBQdcMgpiqAmhkutdMe0TSSjo6Eo6BHv25HnSqlXt42rt5qRcv8jjKKI9dICOkI1OUR1doQZqIooe0TN6RW/Gk/FivBsf09aCkc/soj8wPn8AaLyXHA==</latexit>

tk,0
<latexit sha1_base64="eJcWywV9yH0Sz5I+O2S/u9S9LTM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWamM/G1+403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz/86Y9W</latexit>

tk,1
<latexit sha1_base64="Z/geKQucHOL1cNDRSSCXGnKchcM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWamM/G19403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz/+bo9X</latexit>

tk,2
<latexit sha1_base64="eIEGIn4oiUeLit2bSeSgtEoDHy8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDfz209cGxGrR5wk3I/oUIlQMIpWamM/G1/Upv1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0mrVvUuq7WHq0r9No+jCCdwCufgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq0FJ585hj9wPn8AAAKPWA==</latexit>

tk,3
<latexit sha1_base64="7ZBx3GGn83OB9WbyB2d+khrcX3c=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJK0gh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtbGfjS9r036p7FbcOcgq8XJShhyNfumrN4hZGnGFTFJjup6boJ9RjYJJPi32UsMTysZ0yLuWKhpx42fzc6fk3CoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJFW0I3vLLq6RVrXi1SvXhqly/zeMowCmcwQV4cA11uIcGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz8Bh49Z</latexit>

tk+1,0
<latexit sha1_base64="I7htCkLdRpHrRzBEUIGbHg2vbe0=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMgKGE3CnoMevEYwTwkCWF2MpsMmZldZnqFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glhwg5737eRWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpVkAME1yxOnIUrBVrRmQgWDMY3U795hPThkfqAccx60oyUDzklKCVHrGXjs78c2/SK5a8sjeDu0z8jJQgQ61X/Or0I5pIppAKYkzb92LspkQjp4JNCp3EsJjQERmwtqWKSGa66ezgiXtilb4bRtqWQnem/p5IiTRmLAPbKQkOzaI3Ff/z2gmG192UqzhBpuh8UZgIFyN3+r3b55pRFGNLCNXc3urSIdGEos2oYEPwF19eJo1K2b8oV+4vS9WbLI48HMExnIIPV1CFO6hBHShIeIZXeHO08+K8Ox/z1pyTzRzCHzifP9b7j8Y=</latexit>
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• Within each element, Lagrange polynomials basis are used to 
interpolate the values at the collocation points 

• The state trajectory is then approximated as 

• Differentiation with respect to time gives

Li(τ) =
3Y

j=0,j 6=i

τ − τj

τi − τj
<latexit sha1_base64="cz6JvRVSiKF/KzaEM/5dJDRx53o="></latexit>

x`(t) =
3

X

i=0

Li

✓

t− tk

h

◆

xk,i, t ∈ [tk, tk+1]
<latexit sha1_base64="YVnBZ4LvcGv5iQSFvhL9bdgxiK0="></latexit>

ẋ`(tk,j) =
1

h

3X

i=0

L̇i(τj)
| {z }

Ci,j

xk,i

<latexit sha1_base64="dnNzkq7GfxyHT3oTPhy1KmWVroU="></latexit>



Solution of the Resulting Non-Linear 
Program



Non-Linear Program (NLP)
41

• The direct methods for discretization result in a (typically large) 
non-linear program (NLP) on the format: 

• This NLP can be solved using various methods, e.g., interior point 
(IP) and sequential quadratic programming (SQP).

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>

Nocedal, J., & S. Wright: Numerical Optimization. Springer, 2006.



Background: Newton’s Method (1/2)
42

• Iterative method for finding the 
roots of a function   , i.e., an    such 
that                , based on a starting 
point     . 

• Iteratively linearize the function 
around the current value       and 
subsequently update value to          .

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

F (x) = 0
<latexit sha1_base64="G9RjVE1KNtONHhD25DvbhQE69yY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgl6EoiAeK9gPaJeSTbNtaJJdk6xYlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5P/OYjVZpF8t6MYuoL3JcsZAQbK7VuSk8n6BK53ULRLbtToEXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTcb6TaBpjMsR92rZUYkG1n07vHaNjq/RQGClb0qCp+nsixULrkQhsp8BmoOe9ifif105MeOGnTMaJoZLMFoUJRyZCk+dRjylKDB9Zgoli9lZEBlhhYmxEeRuCN//yImlUyt5puXJ3VqxeZXHk4BCOoAQenEMVbqEGdSDA4Rle4c15cF6cd+dj1rrkZDMH8AfO5w/b+o6K</latexit>

x0
<latexit sha1_base64="pJX5d/KVD2TALrkO//cbwYf0jxQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeo2j</latexit>

xk
<latexit sha1_base64="6LXmPyTlhdL5Fzd1vbHXRE0+fK8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qk36pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNk5o3e</latexit>

xk+1
<latexit sha1_base64="YjTv0cV4nH1COxreAqY5X54qmY0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradeNjr3Jr1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbz2M6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0mzWvEuKtX7y3LtJo+jAMdwAmfgwRXU4A7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AAx+PWg==</latexit>

F (x)
<latexit sha1_base64="mCDrozqeHy2xkTvdKSmVyLkmQQU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRYFMRjBVsL7VKyabYNTbJLkhXL0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcP2jpKFKEtEvFIdQKsKWeStgwznHZiRbEIOH0IxteZ//BIlWaRvDeTmPoCDyULGcEmk26qT6f9csWtuTOgZeLlpAI5mv3yV28QkURQaQjHWnc9NzZ+ipVhhNNpqZdoGmMyxkPatVRiQbWfzm6dohOrDFAYKVvSoJn6eyLFQuuJCGynwGakF71M/M/rJia89FMm48RQSeaLwoQjE6HscTRgihLDJ5Zgopi9FZERVpgYG0/JhuAtvrxM2vWad1ar351XGld5HEU4gmOoggcX0IBbaEILCIzgGV7hzRHOi/PufMxbC04+cwh/4Hz+ADzNjbU=</latexit>

F
0(xk)

<latexit sha1_base64="LeOvYwYroZC3dLMNDAs+IGqF8ag=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBaxXkpSBT0WBfFYwX5AG8pmu2mXbDZhdyOW0B/hxYMiXv093vw3btsctPXBwOO9GWbm+QlnSjvOt1VYWV1b3yhulra2d3b37P2DlopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb98Gbqtx+pVCwWD3qcUC/CQ8ECRrA2Uvv2tPLUD8/6dtmpOjOgZeLmpAw5Gn37qzeISRpRoQnHSnVdJ9FehqVmhNNJqZcqmmAS4iHtGipwRJWXzc6doBOjDFAQS1NCo5n6eyLDkVLjyDedEdYjtehNxf+8bqqDKy9jIkk1FWS+KEg50jGa/o4GTFKi+dgQTCQztyIywhITbRIqmRDcxZeXSatWdc+rtfuLcv06j6MIR3AMFXDhEupwBw1oAoEQnuEV3qzEerHerY95a8HKZw7hD6zPHxzxjsQ=</latexit>

xk+1
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<latexit sha1_base64="6LXmPyTlhdL5Fzd1vbHXRE0+fK8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qk36pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNk5o3e</latexit>



Background: Newton’s Method (2/2)
43

• Iteratively linearize the function     around the current    using 
the Jacobian     and take a step in the computed direction (here 
assuming a square Jacobian matrix): 

• New step computed by solving the linear equation system: 

• Can be used for finding local optimum for optimization problem 
– initialization strategies for variables important.

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit> x

<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

J
<latexit sha1_base64="9AyvBswXAUOScjhKJQccLbYF3po=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL+IpAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6HPjNI=</latexit>

F (xk) + J(xk)(x− xk) = 0, where J(xk) =
∂F

∂x
(xk) ⇒

xk+1 = xk − J(xk)
−1F (xk)

<latexit sha1_base64="/InAs+LL4Z9IdaPOxGu9haMXsn4="></latexit>

J(xk)∆x = −F (xk), where ∆x = xk+1 − xk
<latexit sha1_base64="eyj8Y5pFNyzvMXyQUT1KyAA78gQ="></latexit>



Newton’s Method – Example
44

• An example for finding the roots                . Note the 
dependence on the starting value of    .

F (x) = 0
<latexit sha1_base64="G9RjVE1KNtONHhD25DvbhQE69yY=">AAAB73icbVBNSwMxEJ31s9avqkcvwSLUS9mtgl6EoiAeK9gPaJeSTbNtaJJdk6xYlv4JLx4U8erf8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5P/OYjVZpF8t6MYuoL3JcsZAQbK7VuSk8n6BK53ULRLbtToEXiZaQIGWrdwlenF5FEUGkIx1q3PTc2foqVYYTTcb6TaBpjMsR92rZUYkG1n07vHaNjq/RQGClb0qCp+nsixULrkQhsp8BmoOe9ifif105MeOGnTMaJoZLMFoUJRyZCk+dRjylKDB9Zgoli9lZEBlhhYmxEeRuCN//yImlUyt5puXJ3VqxeZXHk4BCOoAQenEMVbqEGdSDA4Rle4c15cF6cd+dj1rrkZDMH8AfO5w/b+o6K</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

F (x) = 10 sin(x)− x3, F 0(x) = 10 cos(x)− 3x2

<latexit sha1_base64="vVUrhuPbbLxp6htCds8DRc9vl8I=">AAACG3icbZDLSgMxFIYz9VbHW9Wlm2ARK2iZmQq6EYpCcVnBXqCdlkya2tBMZkwy0jL0Pdz4Km5cKOJKcOHbmE670NYDgY//P4eT83sho1JZ1reRWlhcWl5Jr5pr6xubW5ntnaoMIoFJBQcsEHUPScIoJxVFFSP1UBDke4zUvP7V2K89ECFpwG/VMCSuj+447VKMlJbaGaeUGxzBC2hbTUm55pNBq3AMm/cR6kCzdJi42sSBHJuFQctpZ7JW3koKzoM9hSyYVrmd+Wx2Ahz5hCvMkJQN2wqVGyOhKGZkZDYjSUKE++iONDRy5BPpxsltI3iglQ7sBkI/rmCi/p6IkS/l0Pd0p49UT856Y/E/rxGp7rkbUx5GinA8WdSNGFQBHAcFO1QQrNhQA8KC6r9C3EMCYaXjNHUI9uzJ81B18nYh79ycZouX0zjSYA/sgxywwRkogmtQBhWAwSN4Bq/gzXgyXox342PSmjKmM7vgTxlfPwyPnHg=</latexit>

x0 = −1.4
<latexit sha1_base64="7Lb35Jc7JHJ4hAiKUqRei581/tU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBiyGpBb0IRS8eK9gPbEPZbDft0s0m7G7EEvovvHhQxKv/xpv/xk2bg7Y+GHi8N8PMPD/mTGnH+bYKK6tr6xvFzdLW9s7uXnn/oKWiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yT+e1HKhWLxL2exNQL8VCwgBGsjfTw1HfQFTpz7Vq/XHFsZwa0TNycVCBHo1/+6g0ikoRUaMKxUl3XibWXYqkZ4XRa6iWKxpiM8ZB2DRU4pMpLZxdP0YlRBiiIpCmh0Uz9PZHiUKlJ6JvOEOuRWvQy8T+vm+jg0kuZiBNNBZkvChKOdISy99GASUo0nxiCiWTmVkRGWGKiTUglE4K7+PIyaVVt99yu3tUq9es8jiIcwTGcggsXUIdbaEATCAh4hld4s5T1Yr1bH/PWgpXPHMIfWJ8/+UePJg==</latexit>

x0 = 0.8
<latexit sha1_base64="pn2w+iyyilEL3gwLmrxsBec9o7E=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4WnarYC9C0YvHCvZD2qVk02wbmmSXJCuWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKRzdTv/VIlWaxvDfjhAYCDySLGMHGSg9PPQ9dIc+t9kplz/VmQMvEz0kZctR7pa9uPyapoNIQjrXu+F5iggwrwwink2I31TTBZIQHtGOpxILqIJsdPEGnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5OaqBpkTCapoZLMF0UpRyZG0+9RnylKDB9bgoli9lZEhlhhYmxGRRuCv/jyMmlWXP/crdxdlGvXeRwFOIYTOAMfLqEGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gCSno7y</latexit>

x0 = 1.4
<latexit sha1_base64="N/vMBaqStYX5Cox/imsWZRLhRRE=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4WnZrQS9C0YvHCvZD2qVk02wbmmSXJCuWpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dldW19Y7OwVdze2d3bLx0cNnWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKRzdTv/VIlWaxvDfjhAYCDySLGMHGSg9PPQ9dId+t9kplz/VmQMvEz0kZctR7pa9uPyapoNIQjrXu+F5iggwrwwink2I31TTBZIQHtGOpxILqIJsdPEGnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5Oa6DLImExSQyWZL4pSjkyMpt+jPlOUGD62BBPF7K2IDLHCxNiMijYEf/HlZdKsuP65W7mrlmvXeRwFOIYTOAMfLqAGt1CHBhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gCOFI7v</latexit>



Automatic Differentiation – AD
45

• Structured way of computing derivatives with machine precision.  

• Chain rule for differentiation used to decompose the problem into smaller 
elementary operations. 

• Provides Jacobians (first-order derivatives) and Hessians (second-order 
derivatives) for solution of the NLP using Newton-based methods. 

• Forward or backward mode can give very different performance. 

• Forward mode when #inputs    #outputs. 

• Backward mode when #inputs    #outputs. 

• Example: backpropagation in training of neural networks.

≪

≫

Nocedal, J., & S. Wright: Numerical Optimization. Springer, 2006.



Automatic Differentiation – Example 46

• Compute gradient of      using AD in forward mode: 

• Decompose into elementary operations: 

• The final row in the right column is the desired derivative. Performing 
these computations twice for the so called seeds 

    gives the desired gradient. Only one sweep using backward mode AD.

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>

F (x1, x2) = cos(x1) + x1x2
<latexit sha1_base64="MztMjjqylA6gNEsDSbtJ57kWag4=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQopSZKuhGKArisoJ9QDsMmTTThmYmQ5KRlqErN/6KGxeKuPUb3Pk3ZtpZaPVAwsk593JzjxcxKpVlfRm5hcWl5ZX8amFtfWNzy9zeaUoeC0wamDMu2h6ShNGQNBRVjLQjQVDgMdLyhlep37onQlIe3qlxRJwA9UPqU4yUllxz/7o0cu3jkVstwwvYxVym7/KRvrTmmkWrYk0B/xI7I0WQoe6an90ex3FAQoUZkrJjW5FyEiQUxYxMCt1YkgjhIeqTjqYhCoh0kukaE3iolR70udAnVHCq/uxIUCDlOPB0ZYDUQM57qfif14mVf+4kNIxiRUI8G+THDCoO00xgjwqCFRtrgrCg+q8QD5BAWOnkCjoEe37lv6RZrdgnlertabF2mcWRB3vgAJSADc5ADdyAOmgADB7AE3gBr8aj8Wy8Ge+z0pyR9eyCXzA+vgEYzZZY</latexit>

x3 = x1x2,

x4 = cos(x1),

x5 = x3 + x4
<latexit sha1_base64="jYjOeTrBqupX+x4L1ZOTbjXC93E=">AAACHnicbZDLSgMxFIYz9VbH26hLN8GiVJQy0wu6EYpuXFawF+iUIZOmNTRzIcnIlKFP4sZXceNCEcGVvo2ZdhbaeiDh5/vPITm/GzIqpGl+a7ml5ZXVtfy6vrG5tb1j7O61RBBxTJo4YAHvuEgQRn3SlFQy0gk5QZ7LSNsdXad++4FwQQP/To5D0vPQ0KcDipFUyDFqsVOBx5cwdqzYKZ/Zth471RTYOBBFRU9mrDZrqsBTdVcdo2CWzGnBRWFlogCyajjGp90PcOQRX2KGhOhaZih7CeKSYkYmuh0JEiI8QkPSVdJHHhG9ZLreBB4p0oeDgKvjSzilvycS5Akx9lzV6SF5L+a9FP7ndSM5uOgl1A8jSXw8e2gQMSgDmGYF+5QTLNlYCYQ5VX+F+B5xhKVKVFchWPMrL4pWuWRVSuXbaqF+lcWRBwfgEBSBBc5BHdyABmgCDB7BM3gFb9qT9qK9ax+z1pyWzeyDP6V9/QCbL50y</latexit>

ẋ3 = ẋ1x2 + x1ẋ2,

ẋ4 = − sin(x1)ẋ1,

ẋ5 = ẋ3 + ẋ4
<latexit sha1_base64="KEnOxOr1nJ02hYbgUo8Hd84bikY="></latexit>

ẋ1 = 1, ẋ2 = 0 resp. ẋ1 = 0, ẋ2 = 1
<latexit sha1_base64="CpYMvpE3XF6XcDH639v/tFd0aqk=">AAACMXicbVDLSgNBEJz1bXxFPXppDIIHCbtR0IsgeskxgkmEJITZSScZnH0w0ysJS37Ji38iXnJQxKs/4STZg0YbBqqrq+jp8mMlDbnu2FlYXFpeWV1bz21sbm3v5Hf3aiZKtMCqiFSk731uUMkQqyRJ4X2skQe+wrr/cDOZ1x9RGxmFdzSMsRXwXii7UnCyVDtfbnYigkHbg0vwTqAJWV+yvQtNwgGloNHERRjBD607p/Xa+YJbdKcFf4GXgQLLqtLOv1i7SAIMSShuTMNzY2qlXJMUCke5ZmIw5uKB97BhYcgDNK10evEIjizTgW6k7QsJpuxPR8oDY4aBb5UBp76Zn03I/2aNhLoXrVSGcUIYitmibqKAIpjEBx2pUZAaWsCFlvavIPpcc0E25JwNwZs/+S+olYreabF0e1a4us7iWGMH7JAdM4+dsytWZhVWZYI9sVf2xt6dZ2fsfDifM+mCk3n22a9yvr4BvQmkdA==</latexit>



Optimality Conditions 47

• Introduce the Lagrangian function: 

• First-order optimality conditions, given certain technical 
conditions on the constraints (constraint qualification), by Karush, 
Kuhn, and Tucker (KKT):

Nocedal, J., & S. Wright: Numerical Optimization. Springer, 2006.

L(x,λ, ν) = f(x) + λ
Tg(x) + ν

Th(x)
<latexit sha1_base64="f6KGr7DhkhZSW+vwwkMfvELMw7I="></latexit>

rxL(x
∗,λ∗, ν∗) = 0,

g(x∗) = 0,

h(x∗)  0,

ν
∗

� 0,

ν
∗

i
hi(x

∗) = 0, i = 1, . . . , nh
<latexit sha1_base64="l4PccHnaLYmu2Bl6y28fUV1a/d8="></latexit>

Stationarity

Feasibility

Complementarity

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>



Solution of NLP (1/2)
48

• For equality-constrained NLPs (i.e.,                ), the KKT 
conditions give a nonlinear system of equations to be solved: 

• Apply Newton’s method with variables and function:

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>

Diehl, M: Numerical Optimal Control, Optec, K.U. Leuven, Belgium, 2011.

h(x) = 0
<latexit sha1_base64="Pk8TXYARVCY49E6Yzb/mpupktoU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL14rGA/oF1KNs22odlkTbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNldrD8tMpukJur1hyK+4MaJl4GSlBhnqv+NXtS5JEVBjCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiwVOKLaT2f3TtCJVfoolMqWMGim/p5IcaT1OApsZ4TNUC96U/E/r5OY8NJPmYgTQwWZLwoTjoxE0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmlWK95ZpXp3XqpdZ3Hk4QiOoQweXEANbqEODSDA4Rle4c15cF6cd+dj3ppzsplD+APn8wcQf46s</latexit>

✓

rxL(x,λ)
g(x)

◆

= 0
<latexit sha1_base64="n49NrkN6kJY9adPCsf+q/xyuQ0k="></latexit>

x̃ =

✓

x

λ

◆

, F (x̃) =

✓

rxL(x,λ)
g(x)

◆

<latexit sha1_base64="OJP6t+N51KPL2dUGFYWxgmXRR5o="></latexit>



Solution of NLP (2/2)
49

• Application of Newton’s method for the case                gives the 
iterations as the solution of the linear equation system: 

• Requires the Hessian of the Lagrangian function.  

• Partial Newton step with line-search or trust-region strategies to 
ensure intended decrease of specified measure. 

• Quasi-Newton methods with approximate Hessian exist (of which BFGS 
is one of the most common).

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>

h(x) = 0
<latexit sha1_base64="Pk8TXYARVCY49E6Yzb/mpupktoU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL14rGA/oF1KNs22odlkTbJiWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNldrD8tMpukJur1hyK+4MaJl4GSlBhnqv+NXtS5JEVBjCsdYdz42Nn2JlGOF0UugmmsaYjPCAdiwVOKLaT2f3TtCJVfoolMqWMGim/p5IcaT1OApsZ4TNUC96U/E/r5OY8NJPmYgTQwWZLwoTjoxE0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmlWK95ZpXp3XqpdZ3Hk4QiOoQweXEANbqEODSDA4Rle4c15cF6cd+dj3ppzsplD+APn8wcQf46s</latexit>

✓

rxL(xk,λk)
g(xk)

◆

+

✓

r
2

x
L(xk,λk) rg(xk)

rg(xk)
T 0

◆✓

∆x

∆λ

◆

= 0
<latexit sha1_base64="5EB15lf3puXwU4ngBiv7By4UtCY="></latexit>

Nocedal, J., & S. Wright: Numerical Optimization. Springer, 2006.



Example: Logarithmic Barrier Function
50

• Consider the following 
approximation of a barrier 

function: 

• The approximation of the barrier 
improves for decreasing values 
of the parameter   .

Decreasing

−µ log(−u)
<latexit sha1_base64="naLCGwSTmp8VZzjgAVsS6VGE1Aw=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQDwm7UdBj0IvHCMYEskuYncwmQ+axzEMIS37DiwdFvPoz3vwbJ8keNLGgoajqprsrThnVxve/vcLa+sbmVnG7tLO7t39QPjx61NIqTNpYMqm6MdKEUUHahhpGuqkiiMeMdOLx7czvPBGlqRQPZpKSiKOhoAnFyDgprIXchkwOqzV73i9X/Lo/B1wlQU4qIEerX/4KBxJbToTBDGndC/zURBlShmJGpqXQapIiPEZD0nNUIE50lM1vnsIzpwxgIpUrYeBc/T2RIa71hMeukyMz0sveTPzP61mTXEcZFak1RODFosQyaCScBQAHVBFs2MQRhBV1t0I8Qgph42IquRCC5ZdXyWOjHlzUG/eXleZNHkcRnIBTUAUBuAJNcAdaoA0wSMEzeAVvnvVevHfvY9Fa8PKZY/AH3ucP6ViQ8g==</latexit>
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• Consider equality and inequality-constrained NLP problems. 

• Interior-point methods with barrier functions for inequalities – move 
inequality constraints to objective function with barrier function and positive 
parameter   : 

• Could then be solved as an equality-constrained problem, but often 
Lagrange variables for inequalities kept for numerical stability as shown on 
next slide.

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>

Nocedal, J., & S. Wright: Numerical Optimization. Springer, 2006.

minimize f(x)− µ

nhX

i=1

log(−hi(x))

subject to g(x) = 0
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• Log-barrier approach corresponds to a smooth approximation of the 
KKT system: 

• Primal-dual variant of IP method solves the above KKT system for 
decreasing values of barrier parameter    , while ensuring that the 
inequalities                           hold during the iterations. 

• IPOPT is a state-of-the-art implementation of such kind of NLP solver.

minimize f(x)− µ

nhX

i=1

log(−hi(x))

subject to g(x) = 0
<latexit sha1_base64="EJx7LGkj5Nlm9s4ByohhMlc0dNA="></latexit>

rxL(x
∗,λ∗, ν∗) = 0,

g(x∗) = 0,

ν
∗

i
hi(x

∗) = �µ, i = 1, . . . , nh
<latexit sha1_base64="PAR7yL2IUQw2I7J1jGaiEvNU260="></latexit>

Wächter, A. & L. T. Biegler: ”On the implementation of a primal-dual interior point filter line search algorithm for 
large-scale nonlinear programming”, Mathematical Programming, 106(1):22–57, 2006. 

ν > 0, h(x) < 0
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• Alternative to IP methods: Sequential quadratic programming (SQP). 

• Iteratively applies a linearization to the inequality constraints and the 
equality constraints around the current solution to obtain the quadratic 
program (QP): 

• QP can be solved using IP methods or active set methods.

minimize f(x)

subject to g(x) = 0,

h(x) ≤ 0
<latexit sha1_base64="nZF/p/2p2j14dbarOqXKe20vQG0="></latexit>

Nocedal, J., & S. Wright: Numerical Optimization. Springer, 2006. 
Diehl, M.: Numerical Optimal Control, Optec, K.U. Leuven, Belgium, 2011.

minimize rf(xk)
T(x� xk) +

1

2
(x� xk)

T
r

2

x
L(xk,λk, νk)(x� xk)

subject to g(xk) +rg(xk)
T(x� xk) = 0,

h(xk) +rh(xk)
T(x� xk)  0
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• Optimization can be used to compute 
the motion primitives from Lecture 4 
(see also Hand-in Exercise 2). 

• Example code in Matlab using the tool 
CasADi on the following slides. 

• Vehicle motion equations given by:
ẋ = v cos(θ),

ẏ = v sin(θ),

θ̇ = v/L tan(u)
<latexit sha1_base64="JpDICt6tarHWcoC7k8HBwLe9rWY="></latexit>
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    % Compute the motion primitive using optimization with the tool CasADi

    % using direct collocation for discretization of the continuous-time

    % motion equations.

    % Parameters for collocation

    N = 75; % Number of elements

    nx = 3; % Degree of state vector

    Nc = 3; % Degree of interpolation polynomials

    x_vec = lattice(1, :);

    y_vec = lattice(2, :);

    th_vec = lattice(3, :);

    

    % Formulate the optimization problem for minimum path length using CasADi

    import casadi.*

    for i = 1:length(x_vec)

        

        % Use the opti interface in CasADi

        opti = casadi.Opti();
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        state_f = [x_vec(i) y_vec(i) th_vec(i)]';

        % Define optimization variables and motion equations

        x = MX.sym('x',nx);

        u = MX.sym('u');

        f = Function('f',{x, u}, {v*cos(x(3)), v*sin(x(3)), v*tan(u)/L});

        X = opti.variable(nx,N+1);

        pos_x = X(1, :);

        pos_y = X(2, :);

        ang_th = X(3, :);

        U = opti.variable(N, 1);

        T = opti.variable(1);

        % Set the element length (with final time T unknown, and thus an 

        % optimization variable)

        dt = T/N;

        % Set initial guess values of variables

        opti.set_initial(T, 0.1);

        opti.set_initial(U, 0.0*ones(N, 1));

        opti.set_initial(pos_x, linspace(state_i(1), state_f(1), N+1));

        opti.set_initial(pos_y, linspace(state_i(2), state_f(2), N+1));
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        % Define collocation parameters
        tau = collocation_points(Nc, 'radau');
        [C,~] = collocation_interpolators(tau);

        % Formulate collocation constraints

        for k = 1:N  % Loop over elements
            Xc = opti.variable(nx, Nc);
            X_kc = [X(:, k) Xc];
            for j = 1:Nc
                % Make sure that the motion equations are satisfied at
                % all collocation points
                [f_1, f_2, f_3] = f(Xc(:, j), U(k));
                opti.subject_to(X_kc*C{j+1}' == dt*[f_1; f_2; f_3]);
            end
            % Continuity constraints for states between elements
            opti.subject_to(X_kc(:, Nc+1) == X(:, k+1));
        end

        % Input constraints
        for k = 1:N
            opti.subject_to(-u_max <= U(k) <= u_max);
        end

ẋ`(tk,j) =
1

h

3X

i=0

L̇i(τj)
| {z }

Ci,j

xk,i
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        % Initial and terminal constraints
        opti.subject_to(T >= 0.001);
        opti.subject_to(X(:, 1) == state_i);
        opti.subject_to(X(:, end) == state_f);

        % Formulate the cost function
        alpha = 1e-2;
        opti.minimize(T + alpha*sumsqr(U));

        % Choose solver ipopt and solve the problem
        opti.solver('ipopt', struct('expand', true), struct('tol', 1e-8));
        sol = opti.solve();

        % Extract solution trajectories and store them in the mprim variable
        pos_x_opt = sol.value(pos_x);
        pos_y_opt = sol.value(pos_y);
        ang_th_opt = sol.value(ang_th);
        u_opt = sol.value(U);
        T_opt = sol.value(T);

        mprim{i}.x = pos_x_opt;
        mprim{i}.y = pos_y_opt;
        mprim{i}.th = ang_th_opt;
        mprim{i}.u = u_opt;
        mprim{i}.T = T_opt;
        mprim{i}.ds = T_opt*v;
    end
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