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Purpose of this Lecture

• Give a background on receding-horizon control and model 

predictive control (MPC). 

• Discuss different types of MPC problems for autonomous 

vehicles and how they can be solved. 

• Illustrate use of MPC for trajectory-tracking and path-

following applications.
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Expected Take-Aways from this Lecture

• Basic knowledge about model predictive control. 

• Be familiar with applications of MPC for autonomous 

vehicles. 

• Trajectory tracking. 

• Path following. 

• Familiarity with solution of MPC problems.
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Literature Reading

• Chapter 1 in Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model 

Predictive Control: Theory, Computation, and Design. 2nd Edition. 
Nob Hill Publishing, 2017. 

• Section V-C in Paden, B., Čáp, M., Yong, S. Z., Yershov, D., & 
Frazzoli, E: ”A survey of motion planning and control techniques 
for self-driving urban vehicles”. IEEE Transactions on Intelligent 

Vehicles, 1(1), 33-55, 2016.
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The following book and article sections are the main reading material for this lecture. References to 
further reading are provided throughout the slides and at the end of the lecture slides. 



Outline of the Lecture

• Application example: Look-ahead control for autonomous 
trucks. 

• Fundamentals of model predictive control (MPC). 

• Trajectory tracking for autonomous vehicles using MPC. 

• Path following for autonomous vehicles using MPC. 

• Tools and libraries for optimization and MPC.

5



Context in the Architecture for an Autonomous Vehicle
6

Figure from: Paden, B., Čáp, M., Yong, S. Z., Yershov, D., & Frazzoli, E: ”A survey of motion planning and control 
techniques for self-driving urban vehicles”. IEEE Transactions on Intelligent Vehicles, 1(1), 33-55, 2016.

Model predictive 

control is possible to  

apply at several 

different layers in  

the architecture for 

different tasks.



Overview of Control Methods for Autonomous Vehicles
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Table from: Paden, B., Čáp, M., Yong, S. Z., Yershov, D., & Frazzoli, E: ”A survey of motion planning and control 
techniques for self-driving urban vehicles”. IEEE Transactions on intelligent vehicles, 1(1), 33-55,  2016.
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Application Example:  
Look-Ahead Control for Autonomous Trucks



Scenario for Look-Ahead Control (1/2)

• An autonomous long-haulage heavy truck on open road. 

• An on-board road topography map and on-board GPS. 

• Control inputs: engine torque, brake torque, and gear.

9

Hellström, E., Ivarsson, M., Åslund, J., & Nielsen, L: ”Look-ahead control for heavy trucks to minimize trip 
time and fuel consumption”. Control Engineering Practice, 17(2), 245-254, 2009.



Scenario for Look-Ahead Control (2/2)

• Objective: Minimize consumption of fuel, with a maximum trip time. 

• An autonomous cruise controller with optimal control actions, 
considering road topography. 

• Can be formalized as a mathematical optimization problem (recall 
Lecture 5).
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Hellström, E., Ivarsson, M., Åslund, J., & Nielsen, L: ”Look-ahead control for heavy trucks to minimize trip 
time and fuel consumption”. Control Engineering Practice, 17(2), 245-254, 2009.



Receding Horizon
• Objective is to minimize a performance criterion over the complete 

driving mission – however, high computational cost and uncertainty. 

• Consider a finite horizon (look-ahead horizon) at point A, solve problem 
and apply control inputs in first part of the interval until point B, then 
solve problem again at point B over a shifted finite horizon – i.e., a 
receding horizon.
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Hellström, E., Ivarsson, M., Åslund, J., & Nielsen, L: ”Look-ahead control for heavy trucks to 
minimize trip time and fuel consumption”. Control Engineering Practice, 17(2), 245-254, 2009.



Application of Look-Ahead Control
• A GPS gives the position of the autonomous truck. 

• A road data base gives the road slope ahead of the vehicle from the current 
position over a limited distance ahead of the vehicle (typically about 2 km). 

• A dynamic programming (DP) algorithm, together with a model of the vehicle, is 
used to determine the control inputs that minimize the fuel consumption over 
this intervall.

12

Hellström, E., Ivarsson, M., Åslund, J., & Nielsen, L: ”Look-ahead control for heavy trucks to minimize trip 
time and fuel consumption”. Control Engineering Practice, 17(2), 245-254, 2009. 
Bertsekas, D. P: Reinforcement learning and optimal control. Belmont, MA: Athena Scientific, 2019.



Key Characteristics of Look-Ahead Control
• The look-ahead approach can take limitations on control signals 

and internal vehicle states into account.  

• In this driving segment, the truck will accelerate before an uphill if it 
is necessary to avoid that the speed decreases below a lower limit 
on speed because of limits on the propelling force. 

• Can handle changing driving conditions, thanks to re-optimization. 

13

Hellström, E., Ivarsson, M., Åslund, J., & Nielsen, L: ”Look-ahead control for heavy trucks to 
minimize trip time and fuel consumption”. Control Engineering Practice, 17(2), 245-254, 2009.



Fundamentals of Model Predictive Control



Model Predictive Control (MPC)
15

tk
<latexit sha1_base64="pI8Iyru9jaiCBjWaTirjw1/Djbw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yP++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBezo3a</latexit>

tk + hp
<latexit sha1_base64="jP26dMvxompZH5MtDdhWwQCo0bE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeiF48V7Ae0IWy223bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVLDpVC8gQIlbyea0yiUvBWObqd+64lrI2L1gOOE+xEdKNEXjKKV2gSD0fkwSIJS2a24M5Bl4uWkDDnqQemr24tZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n9dJsX/tZ0IlKXLF5ov6qSQYk+nzpCc0ZyjHllCmhb2VsCHVlKGNqGhD8BZfXibNasW7qFTvL8u1mzyOAhzDCZyBB1dQgzuoQwMYSHiGV3hzHp0X5935mLeuOPnMEfyB8/kDaCePjg==</latexit>

x0
<latexit sha1_base64="pJX5d/KVD2TALrkO//cbwYf0jxQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeo2j</latexit>

utk
<latexit sha1_base64="gBiGwsW8/ljZFxaT88rysqbRGTA=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2hM120y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZJyP6ZDJSLBKFqpkwU5BuNpUKm6NXcOskq8glShQDOofPUHCctirpBJakzPc1P0c6pRMMmn5X5meErZmA55z1JFY278fH7ulJxbZUCiRNtSSObq74mcxsZM4tB2xhRHZtmbif95vQyjGz8XKs2QK7ZYFGWSYEJmv5OB0JyhnFhCmRb2VsJGVFOGNqGyDcFbfnmVtOs177JWf7iqNm6LOEpwCmdwAR5cQwPuoQktYDCGZ3iFNyd1Xpx352PRuuYUMyfwB87nD7Oaj84=</latexit>

utk+1
<latexit sha1_base64="Z8ghMk7s6ot2KwoyhSzBaWVtDSM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBZBEEpSBT0WvXisYD8gDWWz3bRLN7thdyKUkJ/hxYMiXv013vw3btsctPXBwOO9GWbmhYngBlz32ymtrW9sbpW3Kzu7e/sH1cOjjlGppqxNlVC6FxLDBJesDRwE6yWakTgUrBtO7mZ+94lpw5V8hGnCgpiMJI84JWAlPx1kMMgmF16eD6o1t+7OgVeJV5AaKtAaVL/6Q0XTmEmgghjje24CQUY0cCpYXumnhiWETsiI+ZZKEjMTZPOTc3xmlSGOlLYlAc/V3xMZiY2ZxqHtjAmMzbI3E//z/BSimyDjMkmBSbpYFKUCg8Kz//GQa0ZBTC0hVHN7K6ZjogkFm1LFhuAtv7xKOo26d1lvPFzVmrdFHGV0gk7ROfLQNWqie9RCbUSRQs/oFb054Lw4787HorXkFDPH6A+czx9Yc5FK</latexit>

x(t)
<latexit sha1_base64="0a8Z/vzl2JKIzA27lnTVCPKYC6I=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtyhiZZEG0tMPCCBC9lbFtiwt3fZnTMSwm+wsdAYW3+Qnf/GBa5Q8CWTvLw3k5l5YSKFQdf9dnJr6xubW/ntws7u3v5B8fCoYeJUM+6zWMa6FVLDpVDcR4GStxLNaRRK3gxHtzO/+ci1EbF6wHHCg4gOlOgLRtFK/lMZz0m3WHIr7hxklXgZKUGGerf41enFLI24QiapMW3PTTCYUI2CST4tdFLDE8pGdMDblioacRNM5sdOyZlVeqQfa1sKyVz9PTGhkTHjKLSdEcWhWfZm4n9eO8X+dTARKkmRK7ZY1E8lwZjMPic9oTlDObaEMi3srYQNqaYMbT4FG4K3/PIqaVQr3kWlen9Zqt1kceThBE6hDB5cQQ3uoA4+MBDwDK/w5ijnxXl3PhatOSebOYY/cD5/ANm+jg0=</latexit>

Past Future

Prediction horizon

Sample period

utk+hp
<latexit sha1_base64="gh7PmT0jRgIPO8DNR7+WM/L5cnM=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIsgCCWpgh6LXjxWsB/QhrDZbtulm03cnRRKyO/w4kERr/4Yb/4bt20O2vpg4PHeDDPzglhwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpTkA0E1yyJnIUrBMrRsJAsHYwvpv57QlTmkfyEacx80IylHzAKUEjeYmfop+Os4uRH2d+ueJUnTnsVeLmpAI5Gn75q9ePaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS+dGZfWaUvj2IlCmJ9lz9PZGSUOtpGJjOkOBIL3sz8T+vm+Dgxku5jBNkki4WDRJhY2TPErD7XDGKYmoIoYqbW206IopQNDmVTAju8surpFWrupfV2sNVpX6bx1GEEziFc3DhGupwDw1oAoUneIZXeLMm1ov1bn0sWgtWPnMMf2B9/gA5zpJk</latexit>



Key Concepts in MPC (1/2)

• A model of the system is used for prediction. 

• The length of the finite horizon is called the prediction 

horizon. 

• The control horizon is the subset of the prediction 

horizon over which the control inputs are allowed to vary. 

• Could also be the full set, i.e., the horizons coincide.
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Key Concepts in MPC (2/2)

• Cost function describing desired objective and 
constraints on control inputs and states. 

• User-specified weights often used to trade different 

components to each other in the cost function of the 
MPC formulation.
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Recall Optimization Problem from Lecture 5
18

• Optimization problem over time horizon          , where     
possibly is a free optimization variable:

minimize

Z
T

0

L(x(t), u(t)) dt+ Γ(x(T ))

subject to x(0) = x0, ẋ(t) = f(t, x(t), u(t)),

x(t) ∈ X, u(t) ∈ U, x(T ) ∈ XT , t ∈ [0, T ]
<latexit sha1_base64="u082adnvLNJ/EjRUYS72JUjmuDI="></latexit>

[0, T ]
<latexit sha1_base64="6rkbDEYhrYZTjO8g8oy7sRe9vpI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJJUQY9FLx4rNG0hDWWz3bRLdzdhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmRSln2rjut7O2vrG5tV3aKe/u7R8cVo6O2zrJFKE+SXiiuhHWlDNJfcMMp91UUSwiTjvR+H7md56o0iyRLTNJaSjwULKYEWys5AfuZSvsV6puzZ0DrRKvIFUo0OxXvnqDhGSCSkM41jrw3NSEOVaGEU6n5V6maYrJGA9pYKnEguownx87RedWGaA4UbakQXP190SOhdYTEdlOgc1IL3sz8T8vyEx8G+ZMppmhkiwWxRlHJkGzz9GAKUoMn1iCiWL2VkRGWGFibD5lG4K3/PIqaddr3lWt/nhdbdwVcZTgFM7gAjy4gQY8QBN8IMDgGV7hzZHOi/PufCxa15xi5gT+wPn8Aempjhg=</latexit>

T
<latexit sha1_base64="wuUeoCr40AnIpr753sXMM0828Vs=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TyAuSJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8P/fbT6g0j2XDTBL0IzqUPOSMGivVG/1iyS27C5B14mWkBBlq/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xh87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJbf8plkhqUbLkoTAUxMZl/TQZcITNiYgllittbCRtRRZmx2RRsCN7qy+ukVSl7V+VK/bpUvcviyMMZnMMleHADVXiAGjSBAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPsPeM3A==</latexit>

Lagrange integrand

Initial conditions

System dynamics

State and control  
constraints

Terminal 
constraints

Mayer term



A General MPC Formulation
• Solve optimization problem over the time horizon                   at 

selected time instants                            , with     the prediction horizon: 

• The computed control inputs are applied until next time step         . 

• The current states      are updated at each new iteration.

19

[tk, tk + hp]
<latexit sha1_base64="hrK5G52/a1bVQvpy/hc7r3eBa84=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAEJexGQY9BLx4jmAdslmV2MpsMmX040xsIId/hxYMiXv0Yb/6Nk2QPmljQUFR1090VpFJotO1va2V1bX1js7BV3N7Z3dsvHRw2dZIpxhsskYlqB1RzKWLeQIGSt1PFaRRI3goGd1O/NeRKiyR+xFHKvYj2YhEKRtFInov+4MLUed9PPb9Utiv2DGSZODkpQ466X/rqdBOWRTxGJqnWrmOn6I2pQsEknxQ7meYpZQPa466hMY249sazoyfk1ChdEibKVIxkpv6eGNNI61EUmM6IYl8velPxP8/NMLzxxiJOM+Qxmy8KM0kwIdMESFcozlCODKFMCXMrYX2qKEOTU9GE4Cy+vEya1YpzWak+XJVrt3kcBTiGEzgDB66hBvdQhwYweIJneIU3a2i9WO/Wx7x1xcpnjuAPrM8fQBKRwg==</latexit>

tk, k = 0, 1, 2, . . .
<latexit sha1_base64="zzIWQS09kPLqrKUbhGoSRK5p4gI=">AAACAHicbVDLSsNAFJ3UV62vqgsXbgaL4CKUpAq6EYpuXFawD2hCmUwn7ZDJJMzcCCV046+4caGIWz/DnX/j9LHQ1gMXDufcy733BKngGhzn2yqsrK6tbxQ3S1vbO7t75f2Dlk4yRVmTJiJRnYBoJrhkTeAgWCdVjMSBYO0gup347UemNE/kA4xS5sdkIHnIKQEj9cpH0Its7OEIX2PHdu2a7Yl+ArpXrjhVZwq8TNw5qaA5Gr3yl9dPaBYzCVQQrbuuk4KfEwWcCjYueZlmKaERGbCuoZLETPv59IExPjVKH4eJMiUBT9XfEzmJtR7FgemMCQz1ojcR//O6GYRXfs5lmgGTdLYozASGBE/SwH2uGAUxMoRQxc2tmA6JIhRMZiUTgrv48jJp1aruebV2f1Gp38zjKKJjdILOkIsuUR3doQZqIorG6Bm9ojfryXqx3q2PWWvBms8coj+wPn8AAMaUHA==</latexit>

tk+1
<latexit sha1_base64="mxa368hL/MAVVcvHBuseWdAnoxo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKbYK9bHTuTXqlsltxZyDLxMtJGXLUe6Wvbj9macQVMkmN6Xhugn5GNQom+aTYTQ1PKBvRAe9YqmjEjZ/N7p2QU6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjtZ0IlKXLF5ovCVBKMyfR50heaM5RjSyjTwt5K2JBqytBGVLQheIsvL5NmteJdVKr3l+XaTR5HAY7hBM7AgyuowR3UoQEMJDzDK7w5j86L8+58zFtXnHzmCP7A+fwBU0ePgA==</latexit>

x0
<latexit sha1_base64="pJX5d/KVD2TALrkO//cbwYf0jxQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AELeo2j</latexit>

Rawlings, J. B., D. Q. Mayne, & M. Diehl: Model Predictive Control: Theory, Computation, and Design. Nob Hill Publishing, 2017.

hp
<latexit sha1_base64="CQKYnBH0OSYwXUZ/5b/z7akGh0k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOon/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFUGo3T</latexit>

minimize

Z tk+hp

tk

L(x(t), u(t)) dt+ Γ(x(tk + hp))

subject to x(tk) = x0, ẋ(t) = f(t, x(t), u(t)),

x(t) ∈ X, u(t) ∈ U, x(tk + hp) ∈ Xtk+hp
, t ∈ [tk, tk + hp]

<latexit sha1_base64="aI9Ch3cDKTbYBFU8Pmq3PoGvED0="></latexit>



A QP MPC Formulation (1/2)

• Recall the LQR control design from Lecture 6. Assume a 
linear model: 

• Choose the cost function as the following:

20

L(x(t), u(t)) = xT(t)Qx(t) + u(t)TRu(t)
<latexit sha1_base64="YkBpqlnwvaVeUUgwVQFJAu5giVc=">AAACJ3icbVDLSgMxFM3UV62vUZdugkVoUcpMFXSjFN24cNFKX9COJZOmbWjmQZKRlqF/48ZfcSOoiC79EzPTWdTWCwmHc87l3ntsn1EhDeNbSy0tr6yupdczG5tb2zv67l5deAHHpIY95vGmjQRh1CU1SSUjTZ8T5NiMNOzhTaQ3HgkX1HOrcuwTy0F9l/YoRlJRHf3qLjfKyfxJoL48vISjh7aD5IA7YXWiKFiBkQyPYWSY0eB9zHT0rFEw4oKLwExAFiRV7uhv7a6HA4e4EjMkRMs0fGmFiEuKGZlk2oEgPsJD1CctBV3kEGGF8Z0TeKSYLux5XD1Xwpid7QiRI8TYsZUzWlTMaxH5n9YKZO/CCqnrB5K4eDqoFzAoPRiFBruUEyzZWAGEOVW7QjxAHGGpos2oEMz5kxdBvVgwTwvFylm2dJ3EkQYH4BDkgAnOQQncgjKoAQyewAt4Bx/as/aqfWpfU2tKS3r2wZ/Sfn4BGgGicg==</latexit>

ẋ(t) = Ax(t) +Bu(t)
<latexit sha1_base64="pvJgs25hP1swmk+enmzaN5Q/0G0=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHKTBV0I9S6cVnBPqAdSibNtKGZB8kdsQzd+CtuXCji1s9w59+YaWehrQeSHM65N8k9biS4Asv6NnJLyyura/n1wsbm1vaOubvXVGEsKWvQUISy7RLFBA9YAzgI1o4kI74rWMsd3aR+64FJxcPgHsYRc3wyCLjHKQEt9cyDbj8E/FiCE3yFr9PztBbrvWcWrbI1BV4kdkaKKEO9Z37pm2jsswCoIEp1bCsCJyESOBVsUujGikWEjsiAdTQNiM+Uk0wHmOBjrfSxF0q9AsBT9XdHQnylxr6rK30CQzXvpeJ/XicG79JJeBDFwAI6e8iLBYYQp2ngPpeMghhrQqjk+q+YDokkFHRmBR2CPT/yImlWyvZZuXJ3XqzWsjjy6BAdoRKy0QWqoltURw1E0QQ9o1f0ZjwZL8a78TErzRlZzz76A+PzBzM8lDc=</latexit>
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Pfx(tk + hp)
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• The possibly time-varying weight matrices               are 
positive (semi-)definite and are specified by the user.  

• Trade different objectives to each other. 

• With all remaining constraints linear or affine, the problem 
is a quadratic program (QP), i.e., a convex optimization 
problem.
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A QP MPC Formulation (2/2)



Model Considerations in MPC
• The model equations of the system appear as a constraint, 

therefore imply properties of the resulting optimization problem. 

• Recall the discussion on convex vs. non-convex optimization 
from Lecture 5. 

• Non-linear models possible to include in the MPC formulation. 

• Linearizing a non-linear model along a nominal/reference 

trajectory leads to a linear time-varying (LTV) system:
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Hard vs. Soft Constraints
• Explicit constraint that needs to be fulfilled exactly – hard 

constraint. 

• Penalty in cost function with certain weight – soft constraint 
(fulfil it as good as possible, given other objectives). 

• Could be beneficial in real-time applications. 

• Slack variables for constraints can be introduced in the MPC 
formulation to avoid infeasible problems because of constraints.
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Hard vs. Soft Constraints – Example
• Assume that the speed    of an autonomous car should be kept 

close to a desired reference velocity       . 

• A soft constraint can be formulated as a component in the cost 

function as: 

• A hard constraint can be formulated as an explicit constraint as:
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Discretization of MPC Problem
• Continuous-time MPC problems need to be transformed to a 

finite-dimensional optimization problem (a non-linear program, 
NLP) for solution in a computer. 

• Recall the methods from Lecture 5: 

• Direct multiple shooting or collocation. 

• Discretization of system dynamics and cost function, with 
polynomial approximation of control inputs and possibly states.
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Computational Considerations

• A longer prediction horizon      implies a larger optimization 
problem, and thus higher computational cost. 

• Also the length of the sampling period                             , 
i.e., how often the MPC problem is solved, affects the 
computational cost. 

• A control horizon shorter than the prediction horizon can 
be used to save computational resources.
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∆t = tk+1 − tk
<latexit sha1_base64="Ctsei1dNFs0c6V+OFm9s00c7Ms8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARBLEkVdCNUNSFywr2AW0Ik+mkHTJ5MHMjlNiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPlwiuwLK+jcLC4tLySnG1tLa+sbllbu80VZxKyho0FrFse0QxwSPWAA6CtRPJSOgJ1vKC67HfemBS8Ti6h2HCnJD0I+5zSkBLrrnXvWECCAZ8icHNgmN7dAJu4Jplq2JNgOeJnZMyylF3za9uL6ZpyCKggijVsa0EnIxI4FSwUambKpYQGpA+62gakZApJ5vcP8KHWulhP5a6IsAT9fdERkKlhqGnO0MCAzXrjcX/vE4K/oWT8ShJgUV0ushPBYYYj8PAPS4ZBTHUhFDJ9a2YDogkFHRkJR2CPfvyPGlWK/ZppXp3Vq5d5XEU0T46QEfIRueohm5RHTUQRY/oGb2iN+PJeDHejY9pa8HIZ3bRHxifPxrmlN8=</latexit>



Stability of MPC
• Length of prediction horizon important in practice. 

• Sufficiently long horizon avoids short-term optimization. 

• Choice of cost or constraint at end of prediction horizon. 

• Compare with having a sufficiently good cost-to-go 
estimate. 

• Extensive theory exists for different formulations, see 
references for further details.
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Why MPC for Autonomous Vehicles?
• Constantly changing environment 

with inherent uncertainty typical for 
autonomous vehicles. 

• Different sensor systems provide 
updated information periodically 
(situation awareness). 

• MPC offers re-planning capabilities 
combined with optimal feedback 

control.
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MPC for Autonomous Trajectory Tracking



Trajectory Tracking vs. Path Following
• Recall the difference between a path (curve in space) and a 

trajectory (time-parameterized, velocity profile included). 

• MPC can be formulated both for trajectory tracking and path-

following applications. 

• Consider the example of driving along a straight line. 

• Driving exactly at the straight line with a lower speed than 
according to the reference trajectory, gives a large trajectory 
error but no path error.
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Problem Formulation for Trajectory Tracking

• Assume that we have reference values        for the states 
that should be tracked. 

• An MPC cost function for trajectory tracking could then be:

31

xref
<latexit sha1_base64="Kzz/FnMn4yf2KHD0FwH1aE3fyvM=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjNV0GXRjcsK9gHtWDLpnTY0yQxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0dJQoCk0a8Uh1AqKBMwlNwwyHTqyAiIBDOxhfZ377AZRmkbwzkxh8QYaShYwSY6X7p35PEDNSIlUQTvvlilt1Z8DLxMtJBeVo9MtfvUFEEwHSUE607npubPyUKMMoh2mpl2iICR2TIXQtlUSA9tNZ6ik+scoAh5GyTxo8U39vpERoPRGBncwy6kUvE//zuokJL/2UyTgxIOn8UJhwbCKcVYAHTAE1fGIJoYrZrJiOiCLU2KJKtgRv8cvLpFWremfV2u15pX6V11FER+gYnSIPXaA6ukEN1EQUKfSMXtGb8+i8OO/Ox3y04OQ7h+gPnM8fOaKS+w==</latexit>

Z

tk+hp

tk

n

(x(t)− xref(t))
TQ(x(t)− xref(t)) + u(t)TRu(t)
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Example Constraints in Trajectory Following
• A key feature of MPC is that constraints can be included in the 

formulation and thus considered in the controller.   

• Linear constraints on inputs and states formulated as: 

• Input can be acceleration and states could be position and 
velocity for an autonomous vehicle, thus specifying, e.g., maximum 

forward acceleration or not allowed areas in geometric space.
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umin ≤ u(t) ≤ umax

xmin ≤ x(t) ≤ xmax
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MPC for Kinematic Path Following



Path Following for Kinematic Model
• Recall the kinematic motion model and 

path-following problem from Lecture 6. 

• States                       and system dynamics
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v sin(θe)
vu− ṡc(s)

◆
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ṡ =
v

1− dc(s)
cos(θe),

ḋ = v sin(θe),

θ̇e = vu− ṡc(s)
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MPC Formulation for Kinematic Path Following (1/2)

• An MPC problem for path following, where the objective 
is to achieve that             (i.e., no path deviations). 

• With the weights                                            , the MPC 
problem for path following can be formulated as:
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x → 0
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Q = diag(q1, q2), R = r
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minimize

Z tk+hp

tk

q1d
2 + q2θ

2
e + ru2 dt

subject to x(tk) = x0, ẋ(t) = f(x(t), u(t)),

u(t) ∈ U, t ∈ [tk, tk + hp]
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MPC Formulation for Kinematic Path Following (2/2)

• The constraint on the control input can be determined based 
on steering-angle limitations as: 

• Compared to the LQR approach, with MPC a finite-horizon 

optimization problem is instead solved at each sample 
instant, considering both the non-linear vehicle model and 
constraints on the input.  

• Results in a computationally more expensive controller.
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U = {u | 1/L tan(δmin) ≤ u ≤ 1/L tan(δmax)}
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Example: Extra Assignment for Hand-in 3 (1/2)

• Part of extra assignment for Hand-in Exercise 3 to 
implement this path-following MPC. 

• Linearization of the non-linear kinematic single-track 
model at each MPC update step. 

• Quadratic cost function and linear constraints, leads 
to convex optimization problem (efficient solvers exist).
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Example: Extra Assignment for Hand-in 3 (2/2)
• Application on an example path 

from Hand-in Exercise 3. 

• Constraints on control signal 
(steering angle). 

• Choices of prediction horizon 
and sample period. 

• Multiple shooting with explicit 

Runge-Kutta method of fourth 
order for discretization of vehicle 
motion equations (see Lecture 5). 
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MPC for Autonomous Path Following



Problem Formulation

• The task is to follow a desired path (position and orientation) and a 
nominal velocity profile. 

• To account for dynamic effects of a ground vehicle, a single-track model 
with a linear tire–road interaction model is used. 

• More complex model than the kinematic model in the previous 
example, beneficial for higher velocities and in more advanced 

maneuvers. 

• Design an MPC (objective and constraints) for this task.
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Dynamic Vehicle Model (1/4)

• Consider the single-track 

vehicle model (lumped 
wheels on each axle). 

• Front steering and front-

wheel driven.
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m(v̇x − vyψ̇) = Fx,f cos(δ) + Fx,r − Fy,f sin(δ),

m(v̇y + vxψ̇) = Fy,f cos(δ) + Fy,r + Fx,f sin(δ),

IZ ψ̈ = lfFy,f cos(δ)− lrFy,r + lfFx,f sin(δ)
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Dynamic Vehicle Model (2/4)

• The slip angles (angle between the velocity vector and the 
direction of the wheel) are given by: 

• A low-complexity tire–road interaction model for normal 
driving with linear tire stiffnesses is adopted:
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αf = − arctan

✓

vf,y

vf,x

◆

, αr = − arctan

✓

vr,y

vr,x

◆
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Fy,f = Cα,fαf , Fy,r = Cα,rαr
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Dynamic Vehicle Model (3/4)
• A path parameter is introduced to describe the traversal 

along the reference path (traversal computed in the MPC): 

• The vehicle position in the global coordinate frame is 
obtained by integration of the quantities:
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ṡ =
ds

dt
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Faulwasser, T., & Findeisen, R: ”Nonlinear model predictive control for constrained output 
path following”. IEEE Transactions on Automatic Control, 61(4), 1026-1039, 2015.



Dynamic Vehicle Model (4/4)
• Collect the states and the control inputs in the vectors: 

• With these variables, the vehicle dynamics can be written 
as an explicit ordinary differential equation system as:

44

x(t) =
�

pX pY ψ vx vy ψ̇ s
�T
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ẋ(t) = fcar(x(t), u(t))
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u(t) =
�

δ Fx,f Fx,r ṡ
�T
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MPC Problem (1/4)

• Reference values for the vehicle consist of position in 
global coordinate frame, longitudinal velocity, and yaw 

orientation. 

• Introduce the vector of reference values as:
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�

pX,ref pY,ref vx,ref ψref

�T
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MPC Problem (2/4)
• Introduce a function that describes the error quantities 

that the controller should drive to zero (reference values 

as function of the path parameter    ): 

• The orthogonal projection of the path error is:
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e⊥(t, s) = sin(ψref)(pX,ref(s)− pX(t))− cos(ψref)(pY,ref(s)− pY (t))
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Φ(x(t)) =













pX,ref(s)− pX(t)
pY,ref(s)− pY (t)

e⊥(t, s)
ψref(s)− ψ(t)
vx,ref(s)− vx(t)












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MPC Problem (3/4)
• The finite-horizon MPC problem to be solved at each 

sample instant can then be stated as: 

• The weights          are used to trade different objectives in 
the cost function to each other.

47

Q, R
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Berntorp, K., Quirynen, R., Uno, T., & Di Cairano, S: ”Trajectory tracking for autonomous vehicles on varying road 
surfaces by friction-adaptive nonlinear model predictive control”. Vehicle System Dynamics, 58(5), 705-725, 2020. 

minimize

Z tk+hp

tk

Φ
TQΦ+ uTRu dt

subject to x(tk) = x0, ẋ(t) = fcar(x(t), u(t)),

x(t) ∈ X, u(t) ∈ U, t ∈ [tk, tk + hp]
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MPC Problem (4/4)
• There is large flexibility in terms of 

the choice of constraints.  

• There are typically constraints on the 
steering angle and the driving and 
braking forces. 

• Update of path parameter also 
constrained. 

• Geometric constraints also possible.
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δmin ≤ δ ≤ δmax,

Fx,f,min ≤ Fx,f ≤ Fx,f,max,

Fx,r,min ≤ Fx,r ≤ Fx,r,max,

1− s∆ ≤ ṡ ≤ 1 + s∆
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Solution of the MPC Problem
• At each sample instant, the finite-horizon MPC problem 

is solved with updated state measurements (or often, in 
practice state estimates). 

• The model is non-linear, and thus the problem is a non-

linear MPC (NMPC). 

• Numerical solution of the optimization problem required.
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Solving MPC Optimization Problems

• A large number of optimization problems are solved in 
sequence online in MPC. 

• Often there are real-time computational constraints for 
an MPC controller executing online. 

• How can the associated optimization problem be solved 

efficiently and the special structure of it be utilized?
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Solving MPC Optimization Problems Using RTI
• One proposed method is the Real-Time Iteration (RTI) scheme: 

• Multiple shooting for discretization of continuous dynamics.  

• Sequential quadratic programming (SQP), using one single 
Newton step, and an effective warm starting by using the state 
and control input trajectories from the previous MPC iteration. 

• Separation of computations in preparation phase and 
feedback response phase (highly important in real-time 
implementations).
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Diehl, M., Bock, H. G., & Schlöder, J. P: ”A real-time iteration scheme for nonlinear optimization in optimal feedback control”. SIAM 
Journal on Control and Optimization, 43(5), 1714-1736, 2005. 
Gros, S., Zanon, M., Quirynen, R., Bemporad, A., & Diehl, M: ”From linear to nonlinear MPC: Bridging the gap via the real-time 
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Summary and Outlook of Model Predictive 
Control for Autonomous Vehicles



Characteristics of Model Predictive Control

• Integrated planning and control possible. 

• Possible to apply at different layers of the decision-making 

architecture of an autonomous vehicle, MPC offers a framework. 

• Automatic inherent re-planning obtained at each sample instant, 
implicit feedback mechanism. 

• High flexibility in terms of modeling and constraints. 

• Also one of the main challenges in the MPC design.
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MPC Outlook (1/2)

• Decentralized formulations and optimization for multiple 

vehicles – reduce computational cost at the local node. 

• Trade-off with communication load. 

• Dual to MPC for state estimation –  Moving horizon 

estimation (MHE). 

• Allows explicit constraints in the estimation problem.
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Rao, C. V., Rawlings, J. B., & Mayne, D. Q: ”Constrained state estimation for nonlinear discrete-time systems: Stability and moving 
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MPC Outlook (2/2)
• Integrated collision 

avoidance and local 

planning in complex traffic 

scenarios with MPC. 

• Obstacle representation, 
obstacle motion prediction, 
and collision-risk estimates.
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Tools and Libraries for Numerical Optimal 
Control and Model Predictive Control



CasADi
• Open-source tool for numerical optimization and optimal 

control. 

• Includes efficient algorithms for automatic differentiation and 
computing Jacobians and Hessians in forward and backward 
mode. 

• Interfaces to various NLP solvers and numerical integrators for 
ODEs/DAEs. 

• Homepage: https://web.casadi.org
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IPOPT
• Software package for solving large-scale NLPs. 

• Implements a primal-dual interior-point method for finding local 
minima to the NLP. 

• Scaling of model equations for numerical stability. 

• Relies on external software packages for solving the inherent 

linear equation systems (e.g., MA27 and MA57 from HSL 
Mathematical Software Library). 

• Homepage: https://github.com/coin-or/Ipopt
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YOP

• YOP – Yet Another Optimal Control Problem Parser. 

• Matlab toolbox for numerical optimal control, with an 
interface to CasADi for access to integrators and solvers of 

nonlinear programs. 

• Developed at Div. Vehicular Systems at Linköping University. 

• Several examples available on toolbox homepage: https://
www.yoptimalcontrol.se/index.html
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