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Purpose of this Lecture

• Give a background on methods for motion planning of systems with 

differential motion constraints. 

• Study how rapidly-exploring random trees (RRTs) and extensions of 

such strategies can be used for motion planning. 

• Extend the graph-search methods from Lecture 2 to autonomous 

vehicles with differential motion constraints using lattice planning. 

• Extra material: Study how path-constrained trajectory-planning 

problems can be solved.
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Expected Take-Aways from this Lecture

• Knowledge about how important differential motion 

constraints can be considered in motion planning. 

• Be familiar with commonly used methods for motion 

planning targeting autonomous vehicles. 

• Knowledge about some available computer tools and 

libraries for motion planning.
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Literature Reading

• Sections 5.1-5.5 and 14.1-14.4 in LaValle, S. M: Planning Algorithms. 

Cambridge University Press, 2006. 

• Sections 3.3.3 and 5 in Karaman, S., & E. Frazzoli: ”Sampling-based 

algorithms for optimal motion planning". The International Journal of 

Robotics Research, 30(7), 846-894, 2011. 

• Section 4.5 in Bergman, K: ”Exploiting Direct Optimal Control for 

Motion Planning in Unstructured Environments ”, Ph.D. Thesis No. 2133, 

Div. Automatic Control, Linköping Univ., 2021. 
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The following book and article sections are the main reading material for this lecture. References to 

further reading are provided throughout the slides and at the end of the lecture slides. 



Outline of the Lecture

• The motion-planning problem. 

• Methods: 

• Rapidly-exploring random trees (RRTs) for motion planning. 

• Planning using motion primitives and state lattices. 

• Tools and libraries for motion planning. 

• Extra material: Decoupled approaches to motion planning.
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Context in the Architecture for an Autonomous Vehicle
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Figure from: Paden, B., Čáp, M., Yong, S. Z., Yershov, D., & Frazzoli, E: ”A survey of motion planning and control 

techniques for self-driving urban vehicles”. IEEE Transactions on Intelligent Vehicles, 1(1), 33-55, 2016.

In this lecture the 

focus will be on the 

motion-planning 

layer in the decision-

making architecture.



The Motion-Planning Problem



Motion Planning – Introduction (1/3)

• Compute a strategy for transferring a vehicle from an initial 

state to another desired state.  

• The state could be the position, orientation, and derivatives 

thereof, for the vehicle.

8

+

+

xI
<latexit sha1_base64="I2xVzkSaCZ4/ggRp4+kOGmJ7h14=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7AM6Q8mkmTY0yQxJRixDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80iVZrF8MJOEBgIPJYsYwcZK/lPfF9iMlMjupv1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAW2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFzE5Hz</latexit>

xG
<latexit sha1_base64="XB3BH6mYYKasehhDe5fxhLxMF58=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQpcV7AM6Q8mkmTY0yQxJRixDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80iVZrF8MJOEBgIPJYsYwcZK/lPfF9iMlMhup/1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAO2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFwCZHx</latexit>



Motion Planning – Introduction (2/3)

• Constraints to be fulfilled during the motion (feasibility): 

• The motion equations of the vehicle. 

• Obstacles, humans, and other vehicles (stationary or 

time-varying).  

• Physical limits on control inputs (e.g., motor power in a 

car, maximum torque in a robot motor).
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Motion Planning – Introduction (3/3)

• Constraints to be fulfilled during the motion (feasibility), 

cont’d: 

• Constraints on internal states (e.g., velocity, available 

friction between tires and road, torque transfer in clutches).  

• Road constraints.  

• Often also desirable to minimize energy/power consumption, 

time, path length, or other performance criteria (optimality). 
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Some Important Terms and Concepts

• Path: A curve in space defining 

the geometric motion. 

• Trajectory: Is a path with a time-

parameterization connected to it 

(i.e., also specifies the velocity or 

evolution of time along the path). 
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Nilsson, H., and B. Olofsson: ”Optimal tracking and identification of paths for industrial robots”. Dept. Automatic Control, Lund Univ., 2010.

f(s) ∈ R
n, s ∈ [s0, sf ]
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Motion Planning – Compare Lectures 2 & 3

• In Lecture 2, discrete motion 

planning was considered (example 

from Hand-in Exercise 1 to the right).  

• In this lecture, the differential motion 

constraints are also considered. 

• Recall the motion needed to make 

parallel transitions with a car from 

Lecture 3 (cf. parallel parking).

12



Differential Motion Constraints

• As seen in Lecture 3 on modeling of autonomous vehicles, many 

systems can be described by differential equations on the 

format: 

• An essential task in high-performance motion planning is to take 

this constraint into account to make the motion plan feasible.
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The Configuration Space

• The manifold defining the set of possible transformations of a 

vehicle from one state to another is called the configuration 

space    . 

• The configuration space can be viewed as the state space in 

which the vehicle moves. 

• The search for a feasible motion plan is done in the 

configuration space    .
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LaValle, S. M: Planning Algorithms. Cambridge University Press, 2006.
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The Obstacle Region and the Free Space

• Assume a world      and an obstacle region    . Further, let 

the configuration of the autonomous vehicle        be 

defined by     in the configuration space    . 

• The obstacle region          can then be defined as: 

• The free space is accordingly defined as                            .
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LaValle, S. M: Planning Algorithms. Cambridge University Press, 2006.
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<latexit sha1_base64="5a0iHSjhgpbEwIIVSQMG4RhV9/A=">AAACAXicbZDLSsNAFIYnXmu9Rd0IboJFcFWSKuiy2I3LCvYCbQiT6aQdOpcwMxFKiBtfxY0LRdz6Fu58GydpFtr6w8DHf85hzvnDmBKlXffbWlldW9/YrGxVt3d29/btg8OuEolEuIMEFbIfQoUp4bijiaa4H0sMWUhxL5y28nrvAUtFBL/Xsxj7DI45iQiC2liBfTxkUE8QpGkrCwqWLBWhygK75tbdQs4yeCXUQKl2YH8NRwIlDHONKFRq4Lmx9lMoNUEUZ9VhonAM0RSO8cAghwwrPy0uyJwz44ycSEjzuHYK9/dECplSMxaaznxHtVjLzf9qg0RH135KeJxozNH8oyihjhZOHoczIhIjTWcGIJLE7OqgCZQQaRNa1YTgLZ68DN1G3buoN+4ua82bMo4KOAGn4Bx44Ao0wS1ogw5A4BE8g1fwZj1ZL9a79TFvXbHKmSPwR9bnD37Ql5A=</latexit>

Cobs
<latexit sha1_base64="5a0iHSjhgpbEwIIVSQMG4RhV9/A=">AAACAXicbZDLSsNAFIYnXmu9Rd0IboJFcFWSKuiy2I3LCvYCbQiT6aQdOpcwMxFKiBtfxY0LRdz6Fu58GydpFtr6w8DHf85hzvnDmBKlXffbWlldW9/YrGxVt3d29/btg8OuEolEuIMEFbIfQoUp4bijiaa4H0sMWUhxL5y28nrvAUtFBL/Xsxj7DI45iQiC2liBfTxkUE8QpGkrCwqWLBWhygK75tbdQs4yeCXUQKl2YH8NRwIlDHONKFRq4Lmx9lMoNUEUZ9VhonAM0RSO8cAghwwrPy0uyJwz44ycSEjzuHYK9/dECplSMxaaznxHtVjLzf9qg0RH135KeJxozNH8oyihjhZOHoczIhIjTWcGIJLE7OqgCZQQaRNa1YTgLZ68DN1G3buoN+4ua82bMo4KOAGn4Bx44Ao0wS1ogw5A4BE8g1fwZj1ZL9a79TFvXbHKmSPwR9bnD37Ql5A=</latexit>

qI
<latexit sha1_base64="WCT5KChPDpNGP53Ved67Z9HEo9A=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7AM6Q8mkmTY0yYxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80SVZrF8MJOEBgIPJYsYwcZK/mPfF9iMlMjupv1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAW2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFoKpHs</latexit>

qG
<latexit sha1_base64="wiEpgNZxG7bBnj2Qd2P2kSxsg+A=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQpcV7AM6Q8mkmTY0yYxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80SVZrF8MJOEBgIPJYsYwcZK/mPfF9iMlMhup/1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAO2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFlIJHq</latexit>

W
<latexit sha1_base64="CwL88XuuN5QJsqLE+zq+uRRuvuA=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDMbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AkwqRcQ==</latexit>

Conceptual Illustration of the Configuration Space for Planning
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The State Space

• The configuration space considers only the configuration    of the 

system. 

• To consider also higher-order derivatives required for differential 

constraints (e.g., velocity and acceleration), the phase space is 

used. 

• The phase space       has higher dimension than the configuration 

space (typically both position and velocity variables). 

• In motion planning, the state space is the configuration space or 

the phase space, depending on the planning task.

17
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q
<latexit sha1_base64="b+n3e1YQEa9MneUTanzPe56IiCk=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+ANzrjPk=</latexit>

X
<latexit sha1_base64="BGaLzJX6ecM4kXtZ5vd+rNKW6Eo=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDsbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AlI+Rcg==</latexit>



Example: The State Space for a Double Integrator

• The differential equation for a double integrator with the 

input    is 

• With the states                   and the state space               , 

the state-space dynamic equations for the double 

integrator can be written as

u
<latexit sha1_base64="wnFhQNKUlf0HWa+NJZ/ckTw+BdQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtovV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP4vuM/Q==</latexit>

q̈ = u
<latexit sha1_base64="sHMwR+U5uFt6cO69+yRkItt+f6Y=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9CIUvXisYD8gDWWz2bRLN7txdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhangBlz321lZXVvf2Cxtlbd3dvf2KweHbaMyTVmLKqF0NySGCS5ZCzgI1k01I0koWCcc3U79zhPThiv5AOOUBQkZSB5zSsBKfi+KFOBHfI2zfqXq1twZ8DLxClJFBZr9ylcvUjRLmAQqiDG+56YQ5EQDp4JNyr3MsJTQERkw31JJEmaCfHbyBJ9aJcKx0rYk4Jn6eyIniTHjJLSdCYGhWfSm4n+en0F8FeRcphkwSeeL4kxgUHj6P464ZhTE2BJCNbe3YjokmlCwKZVtCN7iy8ukXa9557X6/UW1cVPEUULH6ASdIQ9doga6Q03UQhQp9Ixe0ZsDzovz7nzMW1ecYuYI/YHz+QMT1ZB2</latexit>

x = (q, q̇)
<latexit sha1_base64="lN4H85gnSjhz+hkCLrg3mhnvVao=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIFaTMVEE3QtGNywr2Ae1QMmnahmYy0yQj1qFf4saFIm79FHf+jWk7C209EDiccw/35vgRZ0o7zreVWVldW9/Ibua2tnd28/befl2FsSS0RkIeyqaPFeVM0JpmmtNmJCkOfE4b/vBm6jceqFQsFPd6HFEvwH3BeoxgbaSOnX9EV6g4Om13Q41GJ6hjF5ySMwNaJm5KCpCi2rG/TJTEARWacKxUy3Ui7SVYakY4neTasaIRJkPcpy1DBQ6o8pLZ4RN0bJQu6oXSPKHRTP2dSHCg1DjwzWSA9UAtelPxP68V696llzARxZoKMl/UiznSIZq2gLpMUqL52BBMJDO3IjLAEhNtusqZEtzFLy+TernknpXKd+eFynVaRxYO4QiK4MIFVOAWqlADAjE8wyu8WU/Wi/VufcxHM1aaOYA/sD5/ADAEkXw=</latexit>

X = R
2

<latexit sha1_base64="lpxk9HVsKvStx9XNaadften2ymc=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwVZIq6EYounFZxT6gjWUynbRDJw9mJkIJATf+ihsXirj1J9z5N07SLLT1wMCZc+7l3nvciDOpLOvbWFhcWl5ZLa2V1zc2t7bNnd2WDGNBaJOEPBQdF0vKWUCbiilOO5Gg2Hc5bbvjq8xvP1AhWRjcqUlEHR8PA+YxgpWW+uZ+z8dqRDBPOim6QPnPdZPb9L7WNytW1cqB5oldkAoUaPTNr94gJLFPA0U4lrJrW5FyEiwUI5ym5V4saYTJGA9pV9MA+1Q6SX5Dio60MkBeKPQLFMrV3x0J9qWc+K6uzHaUs14m/ud1Y+WdOwkLoljRgEwHeTFHKkRZIGjABCWKTzTBRDC9KyIjLDBROrayDsGePXmetGpV+6Rauzmt1C+LOEpwAIdwDDacQR2uoQFNIPAIz/AKb8aT8WK8Gx/T0gWj6NmDPzA+fwBkVpda</latexit>

ẋ1 = x2,

ẋ2 = u
<latexit sha1_base64="jD6UbXcLmuQ7L2szIA3rg5Qb1c0=">AAACCXicbVDNS8MwHE39nPWr6tFLcCgeZLRV0Isw9OJxgvuAtZQ0S7ewNC1JKo6yqxf/FS8eFPHqf+DN/8Z060E3H4Q83vs9kt8LU0alsu1vY2FxaXlltbJmrm9sbm1bO7stmWQCkyZOWCI6IZKEUU6aiipGOqkgKA4ZaYfD68Jv3xMhacLv1Cglfoz6nEYUI6WlwIJeL1HwIXDg0aW+3BPPM0vJLaQssKp2zZ4AzhOnJFVQohFYXzqPs5hwhRmSsuvYqfJzJBTFjIxNL5MkRXiI+qSrKUcxkX4+2WQMD7XSg1Ei9OEKTtTfiRzFUo7iUE/GSA3krFeI/3ndTEUXfk55minC8fShKGNQJbCoBfaoIFixkSYIC6r/CvEACYSVLs/UJTizK8+TlltzTmvu7Vm1flXWUQH74AAcAwecgzq4AQ3QBBg8gmfwCt6MJ+PFeDc+pqMLRpnZA39gfP4A0EGXOA==</latexit>



Obstacle Region in the Phase Space

• The obstacle region in the phase space is defined as 

• The mapping     gives the configuration variables from 

the complete set of states and                              .  

• If the state space is the configuration space, then it        

coincides with        .
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Xobs = {x ∈ X | Ξ(x) ∈ Cobs}
<latexit sha1_base64="Cg5OT+CJjk45dn2oR/3cG3Lx3jk="></latexit>

Ξ
<latexit sha1_base64="loqwFDctWdz04ppyPTRmb09M+Vs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00OvwfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAsk425</latexit>

Xfree = X \ Xobs
<latexit sha1_base64="aNDs42anWJ0ifbLAjwlkrgQI6g0=">AAACM3icbVDLSgMxFM34rPVVdekmWARXZaYKuhGKbsRVBfuAtpRMeqcNTTJDkhHKMP/kxh9xIYgLRdz6D6btLGrbA4HDOfeQe48fcaaN6747K6tr6xubua389s7u3n7h4LCuw1hRqNGQh6rpEw2cSagZZjg0IwVE+Bwa/vB27DeeQGkWykcziqAjSF+ygFFirNQt3LcFMQNKeNJMuxOuRBIogBRf4xkPtzUYwWSs8bJE6Ou0Wyi6JXcCvEi8jBRRhmq38NruhTQWIA3lROuW50amkxBlGOWQ5tuxhojQIelDy1JJBOhOMrk5xadW6eEgVPZJgyfqbCIhQuuR8O3keEc9743FZV4rNsFVJ2Eyig1IOv0oiDk2IR4XiHtMATV8ZAmhitldMR0QRaixNedtCd78yYukXi5556Xyw0WxcpPVkUPH6ASdIQ9dogq6Q1VUQxQ9ozf0ib6cF+fD+XZ+pqMrTpY5Qv/g/P4BLqWtFA==</latexit>

Cobs
<latexit sha1_base64="sHviI6cTIYwnbKoDHFr/HV8+6m8=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCpJFXRZ7MZlBXuBNoTJdNIOncyEmYlQQnDjq7hxoYhbn8Kdb+MkzUJbfxj4+M85zDl/EDOqtON8Wyura+sbm5Wt6vbO7t6+fXDYVSKRmHSwYEL2A6QIo5x0NNWM9GNJUBQw0gumrbzeeyBSUcHv9SwmXoTGnIYUI20s3z4eRkhPMGJpK/MLllEqApVB3645dacQXAa3hBoo1fbtr+FI4CQiXGOGlBq4Tqy9FElNMSNZdZgoEiM8RWMyMMhRRJSXFidk8Mw4IxgKaR7XsHB/T6QoUmoWBaYzX1It1nLzv9og0eG1l1IeJ5pwPP8oTBjUAuZ5wBGVBGs2M4CwpGZXiCdIIqxNalUTgrt48jJ0G3X3ot64u6w1b8o4KuAEnIJz4IIr0AS3oA06AINH8AxewZv1ZL1Y79bHvHXFKmeOwB9Znz/ecpe6</latexit>



Directed Graphs for Motion Planning

• A directed graph     , comprising 

vertices      and edges     . 

• The direction of an edge 

between two vertices indicates 

the transition direction. 

• A vertex is also commonly known 

as a node.

20

G
<latexit sha1_base64="zmlUFjy/pjcMEy8/BySkN8b+Wow=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFF7qsYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObnO/+0SVZlI8mmlCgxiPBIsYwcZKfj/GZkwwz+5mg2rNrbtzoFXiFaQGBVqD6ld/KEkaU2EIx1r7npuYIMPKMMLprNJPNU0wmeAR9S0VOKY6yOaRZ+jMKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lnUbdu6g3Hi5rzZuijjKcwCmcgwdX0IR7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/erqRYQ==</latexit>

V
<latexit sha1_base64="/AorDt0g4/2C6Bd9N8Fa7HVh3MI=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrD0bVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AkYWRcA==</latexit>

E
<latexit sha1_base64="m6CE42hLwWekZhHAgZiHtWINreU=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+STqPuXdQbD5e15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8fd7CRXw==</latexit>

V1
<latexit sha1_base64="K1qZVIHiE51QOqJTwBjvs8350nE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4B2KJk0bUMzmTG5UyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZRoxhsskpFuB9RwKRRvoEDJ27HmNAwkbwXju8xvTbg2IlKPOI25H9KhEgPBKFrJ74YUR4zKtDnreb1S2a24c5BV4uWkDDnqvdJXtx+xJOQKmaTGdDw3Rj+lGgWTfFbsJobHlI3pkHcsVTTkxk/noWfk3Cp9Moi0fQrJXP29kdLQmGkY2MkspFn2MvE/r5Pg4MZPhYoT5IotDg0SSTAiWQOkLzRnKKeWUKaFzUrYiGrK0PZUtCV4y19eJc1qxbusVB+uyrXbvI4CnMIZXIAH11CDe6hDAxg8wTO8wpszcV6cd+djMbrm5Dsn8AfO5w+/LZIU</latexit>

V2
<latexit sha1_base64="ULmtkpLEG7bKovZD2l3b+VRU+DE=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoxmUF+4B2KJk0bUMzmTG5UyhDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZRoxhsskpFuB9RwKRRvoEDJ27HmNAwkbwXju8xvTbg2IlKPOI25H9KhEgPBKFrJ74YUR4zKtDnrVXulsltx5yCrxMtJGXLUe6Wvbj9iScgVMkmN6XhujH5KNQom+azYTQyPKRvTIe9YqmjIjZ/OQ8/IuVX6ZBBp+xSSufp7I6WhMdMwsJNZSLPsZeJ/XifBwY2fChUnyBVbHBokkmBEsgZIX2jOUE4toUwLm5WwEdWUoe2paEvwlr+8SprVindZqT5clWu3eR0FOIUzuAAPrqEG91CHBjB4gmd4hTdn4rw4787HYnTNyXdO4A+czx/AsZIV</latexit>

V3
<latexit sha1_base64="6VSd2PjDAfgaEcTeNEPOph1YWO0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsy0gi6LblxWsA9oh5JJM21okhmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OEHOmjet+O4WNza3tneJuaW//4PCofHzS1lGiCG2RiEeqG2BNOZO0ZZjhtBsrikXAaSeY3GV+Z0qVZpF8NLOY+gKPJAsZwcZKfl9gMyaYp+35oD4oV9yquwBaJ15OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2X+ommMSYTPKI9SyUWVPvpIvQcXVhliMJI2ScNWqi/N1IstJ6JwE5mIfWql4n/eb3EhDd+ymScGCrJ8lCYcGQilDWAhkxRYvjMEkwUs1kRGWOFibE9lWwJ3uqX10m7VvXq1drDVaVxm9dRhDM4h0vw4BoacA9NaAGBJ3iGV3hzps6L8+58LEcLTr5zCn/gfP4AwjWSFg==</latexit>

V4
<latexit sha1_base64="bFgddc6NeCLzL5HfQaUs//FbvLE=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZqQZdFNy4r2Ae0Q8mkmTY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3GV+Z8qU5pF8NLOYeSEZSR5wSoyVvH5IzJgSkbbng/qgXHGqzgJ4nbg5qUCO5qD81R9GNAmZNFQQrXuuExsvJcpwKti81E80iwmdkBHrWSpJyLSXLkLP8YVVhjiIlH3S4IX6eyMlodaz0LeTWUi96mXif14vMcGNl3IZJ4ZJujwUJAKbCGcN4CFXjBoxs4RQxW1WTMdEEWpsTyVbgrv65XXSrlXdq2rtoV5p3OZ1FOEMzuESXLiGBtxDE1pA4Qme4RXe0BS9oHf0sRwtoHznFP4Aff4Aw7mSFw==</latexit>

E2,1
<latexit sha1_base64="4+uhC95jmPzdkp8DAyBmT6PDr70=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgQkpSBV0WRXBZwT6gDWEynbRDJ5MwM1FKzKe4caGIW7/EnX/jpM1CWw8MHM65l3vm+DGjUtn2t1FaWV1b3yhvVra2d3b3zOp+R0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+5Dr3uw9ESBrxezWNiRuiEacBxUhpyTOrgxCpMUYsvcm8tHHqZJ5Zs+v2DNYycQpSgwItz/waDCOchIQrzJCUfceOlZsioShmJKsMEklihCdoRPqachQS6aaz6Jl1rJWhFURCP66smfp7I0WhlNPQ15N5ULno5eJ/Xj9RwaWbUh4ninA8PxQkzFKRlfdgDakgWLGpJggLqrNaeIwEwkq3VdElOItfXiadRt05qzfuzmvNq6KOMhzCEZyAAxfQhFtoQRswPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPzf2Tsg==</latexit>

E1,2
<latexit sha1_base64="05vYNFUcYzSzrOQZpmtcT2nX0UA=">AAAB+nicbVDLSsNAFL2pr1pfqS7dBIvgQkpSBV0WRXBZwT6gDWEynbRDJ5MwM1FKzKe4caGIW7/EnX/jpM1CWw8MHM65l3vm+DGjUtn2t1FaWV1b3yhvVra2d3b3zOp+R0aJwKSNIxaJno8kYZSTtqKKkV4sCAp9Rrr+5Dr3uw9ESBrxezWNiRuiEacBxUhpyTOrgxCpMUYsvcm81DltZJ5Zs+v2DNYycQpSgwItz/waDCOchIQrzJCUfceOlZsioShmJKsMEklihCdoRPqachQS6aaz6Jl1rJWhFURCP66smfp7I0WhlNPQ15N5ULno5eJ/Xj9RwaWbUh4ninA8PxQkzFKRlfdgDakgWLGpJggLqrNaeIwEwkq3VdElOItfXiadRt05qzfuzmvNq6KOMhzCEZyAAxfQhFtoQRswPMIzvMKb8WS8GO/Gx3y0ZBQ7B/AHxucPzfuTsg==</latexit>

E2,4
<latexit sha1_base64="24KxgcAbkG05gsnDTNyhADHmN+I=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJLUgi6LIrisYB/QhjCZTtqhkwczE6XEfIobF4q49Uvc+TdO2iy09cDA4Zx7uWeOF3MmlWV9Gyura+sbm6Wt8vbO7t6+WTnoyCgRhLZJxCPR87CknIW0rZjitBcLigOP0643uc797gMVkkXhvZrG1AnwKGQ+I1hpyTUrgwCrMcE8vcnctH7WyFyzatWsGdAysQtShQIt1/waDCOSBDRUhGMp+7YVKyfFQjHCaVYeJJLGmEzwiPY1DXFApZPOomfoRCtD5EdCv1Chmfp7I8WBlNPA05N5ULno5eJ/Xj9R/qWTsjBOFA3J/JCfcKQilPeAhkxQovhUE0wE01kRGWOBidJtlXUJ9uKXl0mnXrPPa/W7RrV5VdRRgiM4hlOw4QKacAstaAOBR3iGV3gznowX4934mI+uGMXOIfyB8fkD0oyTtQ==</latexit>

E3,4
<latexit sha1_base64="b+gK4Sd0jfgdVx3VIalLj6wIkT8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZSkLeiyKILLCvYBbQiT6bQdOnkwM1FKzKe4caGIW7/EnX/jpM1CWw8MHM65l3vmeBFnUlnWt1FYW9/Y3Cpul3Z29/YPzPJhR4axILRNQh6Knocl5SygbcUUp71IUOx7nHa96XXmdx+okCwM7tUsoo6PxwEbMYKVllyzPPCxmhDMk5vUTernjdQ1K1bVmgOtEjsnFcjRcs2vwTAksU8DRTiWsm9bkXISLBQjnKalQSxphMkUj2lf0wD7VDrJPHqKTrUyRKNQ6BcoNFd/byTYl3Lme3oyCyqXvUz8z+vHanTpJCyIYkUDsjg0ijlSIcp6QEMmKFF8pgkmgumsiEywwETptkq6BHv5y6ukU6va9WrtrlFpXuV1FOEYTuAMbLiAJtxCC9pA4BGe4RXejCfjxXg3PhajBSPfOYI/MD5/ANQTk7Y=</latexit>



The Path-Planning Problem

• Let      be the initial configuration and       the desired 

goal configuration. 

• The path-planning problem consists of computing a path     

for the autonomous vehicle        according to 

• The path must only reside in         .
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qI
<latexit sha1_base64="WCT5KChPDpNGP53Ved67Z9HEo9A=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7AM6Q8mkmTY0yYxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80SVZrF8MJOEBgIPJYsYwcZK/mPfF9iMlMjupv1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAW2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFoKpHs</latexit>

qG
<latexit sha1_base64="wiEpgNZxG7bBnj2Qd2P2kSxsg+A=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQpcV7AM6Q8mkmTY0yYxJRihDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80SVZrF8MJOEBgIPJYsYwcZK/mPfF9iMlMhup/1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAO2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFlIJHq</latexit>

f
<latexit sha1_base64="aj1VrWgqSrqkgqJ/bLgtsTmRK/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzD+M7g==</latexit>

AV
<latexit sha1_base64="EvpXYLY7VTvIB5bU/6ioc82hBcQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdVNy4r2Ad0hpJJM21oJhOSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4YnqhVhTzgRtG2Y47UlFcRxy2g0nd7nffaJKs0Q8mqmkQYxHgkWMYGMl34+xGRPMs5vObFCtuXV3DrRKvILUoEBrUP3yhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYbOrDJEUaLsEwbN1d8bGY61nsahncwz6mUvF//z+qmJroOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSadR9y7qjYfLWvO2qKMMJ3AK5+DBFTThHlrQBgISnuEV3pzUeXHenY/FaMkpdo7hD5zPHx1Dkbs=</latexit>

f : [0, 1] → Cfree, with f(0) = qI, f(1) = qG
<latexit sha1_base64="pBywbnZpW9O79stxQKPssq+U/VI="></latexit>

Cfree
<latexit sha1_base64="IPd26dsqB/E4pOFW8IUu7F0l8fE=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm2ARXJWkCrosduOygr1AG8JketIOnUzCzEQoIbjxVdy4UMStT+HOt3GSZqGtPwx8/Occ5pzfjxmVyra/jZXVtfWNzcpWdXtnd2/fPDjsyigRBDokYpHo+1gCoxw6iioG/VgADn0GPX/ayuu9BxCSRvxezWJwQzzmNKAEK2155vEwxGpCMEtbmVewCNNAAGSeWbPrdiFrGZwSaqhU2zO/hqOIJCFwRRiWcuDYsXJTLBQlDLLqMJEQYzLFYxho5DgE6abFCZl1pp2RFURCP66swv09keJQylno6858SblYy83/aoNEBdduSnmcKOBk/lGQMEtFVp6HNaICiGIzDZgIqne1yAQLTJROrapDcBZPXoZuo+5c1Bt3l7XmTRlHBZ2gU3SOHHSFmugWtVEHEfSIntErejOejBfj3fiYt64Y5cwR+iPj8wc8UZf4</latexit>



The Motion-Planning Problem w. Differential Constraints

• Let      be the initial state and       the desired goal state. 

• The motion-planning problem with differential constraints 

is to compute the control inputs         for the vehicle      

such that the corresponding state trajectory         satisfies 

• Often constraints on        and other specifications on        .
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xI
<latexit sha1_base64="I2xVzkSaCZ4/ggRp4+kOGmJ7h14=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7AM6Q8mkmTY0yQxJRixDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80iVZrF8MJOEBgIPJYsYwcZK/lPfF9iMlMjupv1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAW2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFzE5Hz</latexit>

xG
<latexit sha1_base64="XB3BH6mYYKasehhDe5fxhLxMF58=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQpcV7AM6Q8mkmTY0yQxJRixDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80iVZrF8MJOEBgIPJYsYwcZK/lPfF9iMlMhup/1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAO2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFwCZHx</latexit>

u(t)
<latexit sha1_base64="cPJZct/fiiCTOExS7CXvgUegSxM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXisYGuhDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfJv5j09cGxGrB5wk3I/oUIlQMIqZlFbxvF+uuDV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6E+pRsEkn5V6qeEJZWM65F1LFY248afzW2fkzCoDEsbalkIyV39PTGlkzCQKbGdEcWSWvUz8z+umGF77U6GSFLlii0VhKgnGJHucDITmDOXEEsq0sLcSNqKaMrTxlGwI3vLLq6Rdr3kXtfr9ZaVxk8dRhBM4hSp4cAUNuIMmtIDBCJ7hFd6cyHlx3p2PRWvByWeO4Q+czx9+go3g</latexit>

AV
<latexit sha1_base64="EvpXYLY7VTvIB5bU/6ioc82hBcQ=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdVNy4r2Ad0hpJJM21oJhOSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4YnqhVhTzgRtG2Y47UlFcRxy2g0nd7nffaJKs0Q8mqmkQYxHgkWMYGMl34+xGRPMs5vObFCtuXV3DrRKvILUoEBrUP3yhwlJYyoM4VjrvudKE2RYGUY4nVX8VFOJyQSPaN9SgWOqg2yeeYbOrDJEUaLsEwbN1d8bGY61nsahncwz6mUvF//z+qmJroOMCZkaKsjiUJRyZBKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSadR9y7qjYfLWvO2qKMMJ3AK5+DBFTThHlrQBgISnuEV3pzUeXHenY/FaMkpdo7hD5zPHx1Dkbs=</latexit>

x(t)
<latexit sha1_base64="0/c74ZxaxbQ/fx+9aT5avb8EXX0=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosevFYwX5Au5Rsmm1Dk+ySzIpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38ziPThkfqAaYx8yUZKR5ySiCTnqpwPihX3Jo7B14lXk4qKEdzUP7qDyOaSKaACmJMz3Nj8FOigVPBZqV+YlhM6ISMWM9SRSQzfjq/dYbPrDLEYaRtKcBz9fdESqQxUxnYTklgbJa9TPzP6yUQXvspV3ECTNHFojARGCKcPY6HXDMKYmoJoZrbWzEdE00o2HhKNgRv+eVV0q7XvIta/f6y0rjJ4yiiE3SKqshDV6iB7lATtRBFY/SMXtGbI50X5935WLQWnHzmGP2B8/kDgxeN4w==</latexit>

u(t)
<latexit sha1_base64="cPJZct/fiiCTOExS7CXvgUegSxM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXisYGuhDWWz3bRLN5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfJv5j09cGxGrB5wk3I/oUIlQMIqZlFbxvF+uuDV3DrJKvJxUIEezX/7qDWKWRlwhk9SYrucm6E+pRsEkn5V6qeEJZWM65F1LFY248afzW2fkzCoDEsbalkIyV39PTGlkzCQKbGdEcWSWvUz8z+umGF77U6GSFLlii0VhKgnGJHucDITmDOXEEsq0sLcSNqKaMrTxlGwI3vLLq6Rdr3kXtfr9ZaVxk8dRhBM4hSp4cAUNuIMmtIDBCJ7hFd6cyHlx3p2PRWvByWeO4Q+czx9+go3g</latexit>

x(t)
<latexit sha1_base64="0/c74ZxaxbQ/fx+9aT5avb8EXX0=">AAAB63icbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosevFYwX5Au5Rsmm1Dk+ySzIpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBbHgBlz32ymsrW9sbhW3Szu7e/sH5cOjtokSTVmLRiLS3YAYJrhiLeAgWDfWjMhAsE4wuc38ziPThkfqAaYx8yUZKR5ySiCTnqpwPihX3Jo7B14lXk4qKEdzUP7qDyOaSKaACmJMz3Nj8FOigVPBZqV+YlhM6ISMWM9SRSQzfjq/dYbPrDLEYaRtKcBz9fdESqQxUxnYTklgbJa9TPzP6yUQXvspV3ECTNHFojARGCKcPY6HXDMKYmoJoZrbWzEdE00o2HhKNgRv+eVV0q7XvIta/f6y0rjJ4yiiE3SKqshDV6iB7lATtRBFY/SMXtGbI50X5935WLQWnHzmGP2B8/kDgxeN4w==</latexit>

x(t) ∈ Xfree, x(0) = xI, x(T ) = xG
<latexit sha1_base64="Ar9Q8TEIMEe4MszDwaxDNQd7zPo="></latexit>



Rapidly-Exploring Random Trees (RRTs) for 

Motion Planning



The Basic Idea of RRTs (1/2)

• The basic idea behind rapidly-

exploring random trees (RRTs) is to 

incrementally construct a tree in the 

state space by sampling. 

• A tree is a graph where any two vertices 

are connected by exactly one path 

(each vertex corresponds to a state 

and the edge is the feasible motion 

segment between two vertices).
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The Basic Idea of RRTs (2/2)

• The sampling can be random or any other strategy 

leading to a dense sequence of samples. 

• RRT computes a feasible path, whereas RRT* also aims to 

minimize a cost associated with the motion.
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Sampling in the State Space

• Construction of the tree relies on efficient sampling of the 

state space (          or          ). 

• Sequence of the samples important, not only the set of 

samples. 

• Sampling can be both random and deterministic. 

• Special attention required when sampling in orientation 

spaces such as the 3D rotation group             .
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Cfree
<latexit sha1_base64="IPd26dsqB/E4pOFW8IUu7F0l8fE=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm2ARXJWkCrosduOygr1AG8JketIOnUzCzEQoIbjxVdy4UMStT+HOt3GSZqGtPwx8/Occ5pzfjxmVyra/jZXVtfWNzcpWdXtnd2/fPDjsyigRBDokYpHo+1gCoxw6iioG/VgADn0GPX/ayuu9BxCSRvxezWJwQzzmNKAEK2155vEwxGpCMEtbmVewCNNAAGSeWbPrdiFrGZwSaqhU2zO/hqOIJCFwRRiWcuDYsXJTLBQlDLLqMJEQYzLFYxho5DgE6abFCZl1pp2RFURCP66swv09keJQylno6858SblYy83/aoNEBdduSnmcKOBk/lGQMEtFVp6HNaICiGIzDZgIqne1yAQLTJROrapDcBZPXoZuo+5c1Bt3l7XmTRlHBZ2gU3SOHHSFmugWtVEHEfSIntErejOejBfj3fiYt64Y5cwR+iPj8wc8UZf4</latexit>

Xfree
<latexit sha1_base64="XoiW2as44JL6+eh7o3/zsd2cs4I=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL4KokVdBl0Y3LCvYCbQiT6Uk7dDIJMxOhhODGV3HjQhG3PoU738ZJmoW2/jDw8Z9zmHN+P2ZUKtv+Niorq2vrG9XN2tb2zu6euX/QlVEiCHRIxCLR97EERjl0FFUM+rEAHPoMev70Jq/3HkBIGvF7NYvBDfGY04ASrLTlmUfDEKsJwSztZ17BIkwDAZB5Zt1u2IWsZXBKqKNSbc/8Go4ikoTAFWFYyoFjx8pNsVCUMMhqw0RCjMkUj2GgkeMQpJsWJ2TWqXZGVhAJ/biyCvf3RIpDKWehrzvzJeViLTf/qw0SFVy5KeVxooCT+UdBwiwVWXke1ogKIIrNNGAiqN7VIhMsMFE6tZoOwVk8eRm6zYZz3mjeXdRb12UcVXSMTtAZctAlaqFb1EYdRNAjekav6M14Ml6Md+Nj3loxyplD9EfG5w9dYJgN</latexit>

SO(3)
<latexit sha1_base64="MrVu5E0pSs1huM/G4CGyZbxhmnA=">AAAB83icbVBNS8NAEN34WetX1aOXYBHqpSStoMeiF29WtB/QhLLZTtulm03YnYgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5QSy4Rsf5tlZW19Y3NnNb+e2d3b39wsFhU0eJYtBgkYhUO6AaBJfQQI4C2rECGgYCWsHoeuq3HkFpHskHHMfgh3QgeZ8zikbyPIQnTO9vJ6XqWbdQdMrODPYycTNSJBnq3cKX14tYEoJEJqjWHdeJ0U+pQs4ETPJeoiGmbEQH0DFU0hC0n85untinRunZ/UiZkmjP1N8TKQ21HoeB6QwpDvWiNxX/8zoJ9i/9lMs4QZBsvqifCBsjexqA3eMKGIqxIZQpbm612ZAqytDElDchuIsvL5NmpexWy5W782LtKosjR47JCSkRl1yQGrkhddIgjMTkmbySNyuxXqx362PeumJlM0fkD6zPH1KBkTU=</latexit>



Basic Version of RRT (1/2)
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Basic Version of RRT (2/2)

• Sample: Gives a sample in the free state space. 

• Nearest: Provides the vertex in the tree that is closest to the sampled 

state. 

• Steer: In general this is a so called two-point boundary value problem 

(TPBV). Construct a path from the nearest vertex towards the sampled 

state, often with a maximum step length (alternative strategies exist). 

• ObstacleFree: Checks whether the path from the closest vertex in the 

graph to the new state is collision free.

28



RRT with Biased Sampling
• To speed up the process of reaching the goal state, a bias 

towards it can be introduced in the sampling. 

• In practice: with a certain pre-defined probability     the 

sampled state is the goal state. 

• In general, the sampling could be biased to be, e.g., in the 

direction of the road or directions implied by the 

environment geometry.

29

β
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>



RRT – Example w/o. Obstacles

30

ObstacleFreeG(V, E)
<latexit sha1_base64="JgDYgfcxyB+mhWKDGO7NnE6WBCc=">AAACD3icbVDLSgMxFL1TX7W+Rl26CRalgpSZKuiyKKLLCvYB7VAyadqGZh4kGaEM8wdu/BU3LhRx69adf2OmHYpWDwROzrmXe+9xQ86ksqwvI7ewuLS8kl8trK1vbG6Z2zsNGUSC0DoJeCBaLpaUM5/WFVOctkJBsedy2nRHl6nfvKdCssC/U+OQOh4e+KzPCFZa6pqHHQ+rIcE8vk5KM95IjtHsc5Ucoa5ZtMrWBOgvsTNShAy1rvnZ6QUk8qivCMdStm0rVE6MhWKE06TQiSQNMRnhAW1r6mOPSiee3JOgA630UD8Q+vkKTdSfHTH2pBx7rq5Ml5TzXir+57Uj1T93YuaHkaI+mQ7qRxypAKXhoB4TlCg+1gQTwfSuiAyxwETpCAs6BHv+5L+kUSnbJ+XK7WmxepHFkYc92IcS2HAGVbiBGtSBwAM8wQu8Go/Gs/FmvE9Lc0bWswu/YHx8A41rnFQ=</latexit>

Sample

qrand
<latexit sha1_base64="IXJidpFssJAT7l0JRWcORAB8ykM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LblxWsA9oQ5hMpu3QySTOTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiXk8T6kV4JNiQEayN5NvVB38QYT2WUSaxCGe+XXPqzhxolbgFqUGBlm9/DcKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKyefAZOjVKiIaxNE9oNFd/b2Q4UmoaBWYyD6mWvVz8z+unenjlZUwkqaaCLA4NU450jPIWUMgkJZpPDcFEMpMVkTGWmGjTVcWU4C5/eZV0GnX3vN64u6g1r4s6ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx2K0ZBU7R/AH1ucPbuKTlw==</latexit>

Nearest
qnearest

<latexit sha1_base64="3gV2XcPGTWwe8YyR+qpLWZe+2Y0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GXRjcsK9gFtCJPpTTt0MokzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndR5CKxeJeTxPwIjISLGSUaCP5dvXBH0REj2WUCSASlM59u+bUnTnwKnELUkMFWr79NRjGNI1AaMqJUn3XSbSXEakZ5ZBXBqmChNAJGUHfUEEiUF42z57jU6MMcRhL84TGc/X3RkYipaZRYCZnOdWyNxP/8/qpDq+8jIkk1SDo4lCYcqxjPCsCD5kEqvnUEEIlM1kxHRNJqDZ1VUwJ7vKXV0mnUXfP6427i1rzuqijjI7RCTpDLrpETXSLWqiNKHpCz+gVvVm59WK9Wx+L0ZJV7ByhP7A+fwDrEpUC</latexit> Steerqnew
<latexit sha1_base64="5YW+sYK7m7hE7ZdEsGvBt119gZc=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqAdSya904YmmTHJWMrQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bOkoUhQaNeKTaAdHAmYSGYYZDO1ZARMChFYxuMr/1BEqzSN6bSQy+IAPJQkaJsdLDY68riBkqkUoYT3ulsltxZ8DLxMtJGeWo90pf3X5EEwHSUE607nhubPyUKMMoh2mxm2iICR2RAXQslUSA9tNZ6ik+tUofh5GyTxo8U39vpERoPRGBncwy6kUvE//zOokJr/yUyTgxIOn8UJhwbCKcVYD7TAE1fGIJoYrZrJgOiSLU2KKKtgRv8cvLpFmteOeV6t1FuXad11FAx+gEnSEPXaIaukV11EAUKfSMXtGbM3ZenHfnYz664uQ7R+gPnM8fQmSTAQ==</latexit>



RRT – Example w. Obstacle
31

The steer function moves forward towards the  

sampled node until the obstacle is detected.

ObstacleFree

Sample

qrand
<latexit sha1_base64="IXJidpFssJAT7l0JRWcORAB8ykM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LblxWsA9oQ5hMpu3QySTOTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiXk8T6kV4JNiQEayN5NvVB38QYT2WUSaxCGe+XXPqzhxolbgFqUGBlm9/DcKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKyefAZOjVKiIaxNE9oNFd/b2Q4UmoaBWYyD6mWvVz8z+unenjlZUwkqaaCLA4NU450jPIWUMgkJZpPDcFEMpMVkTGWmGjTVcWU4C5/eZV0GnX3vN64u6g1r4s6ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx2K0ZBU7R/AH1ucPbuKTlw==</latexit>

Steer
qnew

<latexit sha1_base64="5YW+sYK7m7hE7ZdEsGvBt119gZc=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqAdSya904YmmTHJWMrQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bOkoUhQaNeKTaAdHAmYSGYYZDO1ZARMChFYxuMr/1BEqzSN6bSQy+IAPJQkaJsdLDY68riBkqkUoYT3ulsltxZ8DLxMtJGeWo90pf3X5EEwHSUE607nhubPyUKMMoh2mxm2iICR2RAXQslUSA9tNZ6ik+tUofh5GyTxo8U39vpERoPRGBncwy6kUvE//zOokJr/yUyTgxIOn8UJhwbCKcVYD7TAE1fGIJoYrZrJgOiSLU2KKKtgRv8cvLpFmteOeV6t1FuXad11FAx+gEnSEPXaIaukV11EAUKfSMXtGbM3ZenHfnYz664uQ7R+gPnM8fQmSTAQ==</latexit>

Nearest

qnearest
<latexit sha1_base64="3gV2XcPGTWwe8YyR+qpLWZe+2Y0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GXRjcsK9gFtCJPpTTt0MokzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndR5CKxeJeTxPwIjISLGSUaCP5dvXBH0REj2WUCSASlM59u+bUnTnwKnELUkMFWr79NRjGNI1AaMqJUn3XSbSXEakZ5ZBXBqmChNAJGUHfUEEiUF42z57jU6MMcRhL84TGc/X3RkYipaZRYCZnOdWyNxP/8/qpDq+8jIkk1SDo4lCYcqxjPCsCD5kEqvnUEEIlM1kxHRNJqDZ1VUwJ7vKXV0mnUXfP6427i1rzuqijjI7RCTpDLrpETXSLWqiNKHpCz+gVvVm59WK9Wx+L0ZJV7ByhP7A+fwDrEpUC</latexit>

G(V, E)
<latexit sha1_base64="JgDYgfcxyB+mhWKDGO7NnE6WBCc=">AAACD3icbVDLSgMxFL1TX7W+Rl26CRalgpSZKuiyKKLLCvYB7VAyadqGZh4kGaEM8wdu/BU3LhRx69adf2OmHYpWDwROzrmXe+9xQ86ksqwvI7ewuLS8kl8trK1vbG6Z2zsNGUSC0DoJeCBaLpaUM5/WFVOctkJBsedy2nRHl6nfvKdCssC/U+OQOh4e+KzPCFZa6pqHHQ+rIcE8vk5KM95IjtHsc5Ucoa5ZtMrWBOgvsTNShAy1rvnZ6QUk8qivCMdStm0rVE6MhWKE06TQiSQNMRnhAW1r6mOPSiee3JOgA630UD8Q+vkKTdSfHTH2pBx7rq5Ml5TzXir+57Uj1T93YuaHkaI+mQ7qRxypAKXhoB4TlCg+1gQTwfSuiAyxwETpCAs6BHv+5L+kUSnbJ+XK7WmxepHFkYc92IcS2HAGVbiBGtSBwAM8wQu8Go/Gs/FmvE9Lc0bWswu/YHx8A41rnFQ=</latexit>



RRT – Example

• Plan a path from the initial state 

(blue cross) to the goal state 

(red cross) using RRT. 

• The red boxes are obstacles. 

• A particle moving in a 2D world. 

• How to handle differential 

motion constraints?

32

RRT



RRT with Differential Motion Constraints (1/2)

33
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RRT with Differential Motion Constraints (2/2)
• Sample: Gives a sample in the free state space. 

• Nearest: Provides the vertex in the tree that is closest to the sampled state. 

• Steer: Apply the input       from a pre-defined discrete set of possible 

control input trajectories, leading as close to the sampled state as possible. 

• The input trajectories are often of the same time duration.  

• A simulation of the motion equations can be used to compute the 

trajectories obtained with the different inputs. 

• ObstacleFree: Checks whether the path from the closest vertex to the new 

state is collision free.

34

ũ
p

<latexit sha1_base64="mfg+XBWcfUcyHfHXpbKfRKh/1oU=">AAAB8XicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/cA2ls1m0i7dbMLuRCil/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJsk0hwZPZKLbATMghYIGCpTQTjWwOJDQCoY3U7/1BNqIRN3jKAU/Zn0lIsEZWumhi0KGQLPHtFcquxV3BrpMvJyUSY56r/TVDROexaCQS2ZMx3NT9MdMo+ASJsVuZiBlfMj60LFUsRiMP55dPKGnVglplGhbCulM/T0xZrExoziwnTHDgVn0puJ/XifD6MofC5VmCIrPF0WZpJjQ6fs0FBo4ypEljGthb6V8wDTjaEMq2hC8xZeXSbNa8c4r1buLcu06j6NAjskJOSMeuSQ1ckvqpEE4UeSZvJI3xzgvzrvzMW9dcfKZI/IHzucPWJOQsw==</latexit>



Introduction to RRT*
• RRT* is an extension of RRT targeting optimal sampling-based motion 

planning. 

• Compared to RRT, more steps are performed each time a new vertex is 

added to the tree. 

• In this lecture, RRT* without differential motion constraints are 

considered. 

• Extensions covering differential motion constraints exist, but are not 

covered in the lectures, however, a possible mini-project.

35
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RRT* – Optimal Motion Planning (1/2)
36

Karaman, S., & E. Frazzoli: ”Sampling-based algorithms for optimal motion planning". The International Journal of Robotics Research, 30(7), 846-894, 2011.

Use path with minimum 

cost for connecting the 

new state to the tree.

Re-wire the vertices in a  

neighborhood of the new  

state that can reduce the cost.



RRT* – Optimal Motion Planning (2/2)

• Same functions as in the RRT algorithm, but with certain additional functions: 

• Near: Provides all vertices within a ball with radius     in the tree. 

• Cost: The cost-to-come to the current vertex from the tree root (initial state). 

• CostL: The cost of moving along a straight line from the specified vertices. 

• Line: Gives the path between two vertices as a straight line. 

• Parent: Gives the vertex that is parent to the current vertex in the tree. 

• Note that in RRT* more steps are done each time a new state is obtained: 

• Make sure that the new vertex is connected along the path with minimum cost. 

• Re-wire the existing tree so as to try to minimize the cost gradually.

37

γ
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>



RRT* – Example
38

ConnectMinCost

Re-Wire

X
Tree rootNear

Qnear
<latexit sha1_base64="NydG0xcGp2OIAq7sZhf+najy8UM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6Lbly2YB/QhjCZTtqhk0mYmQg19EvcuFDErZ/izr9x0mahrQcGDufcyz1zgoQzpR3n2yptbG5t75R3K3v7B4dV++i4q+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71gepf7vUcqFYvFg54l1IvwWLCQEayN5NvVtj+MsJ7IKBMUy7lv15y6swBaJ25BalCg5dtfw1FM0ogKTThWauA6ifYyLDUjnM4rw1TRBJMpHtOBoQJHVHnZIvgcnRtlhMJYmic0Wqi/NzIcKTWLAjOZh1SrXi7+5w1SHd54GRNJqqkgy0NhypGOUd4CGjFJieYzQzCRzGRFZIIlJtp0VTEluKtfXifdRt29rDfaV7XmbVFHGU7hDC7AhWtowj20oAMEUniGV3iznqwX6936WI6WrGLnBP7A+vwBPhaTeA==</latexit>

γ
<latexit sha1_base64="IoELSitFJaTQ4WT4pr8f01q0csw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexGQY9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0qpVg4tq7f6yUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPiDmPGQ==</latexit>

Steer

qnew
<latexit sha1_base64="5YW+sYK7m7hE7ZdEsGvBt119gZc=">AAAB9XicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqAdSya904YmmTHJWMrQ/3DjQhG3/os7/8ZMOwttPRA4nHMv9+QEMWfauO63s7K6tr6xWdgqbu/s7u2XDg6bOkoUhQaNeKTaAdHAmYSGYYZDO1ZARMChFYxuMr/1BEqzSN6bSQy+IAPJQkaJsdLDY68riBkqkUoYT3ulsltxZ8DLxMtJGeWo90pf3X5EEwHSUE607nhubPyUKMMoh2mxm2iICR2RAXQslUSA9tNZ6ik+tUofh5GyTxo8U39vpERoPRGBncwy6kUvE//zOokJr/yUyTgxIOn8UJhwbCKcVYD7TAE1fGIJoYrZrJgOiSLU2KKKtgRv8cvLpFmteOeV6t1FuXad11FAx+gEnSEPXaIaukV11EAUKfSMXtGbM3ZenHfnYz664uQ7R+gPnM8fQmSTAQ==</latexit>

Sample

qrand
<latexit sha1_base64="IXJidpFssJAT7l0JRWcORAB8ykM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWpgi6LblxWsA9oQ5hMpu3QySTOTIQa+iVuXCji1k9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf2qfXDYUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wucn97iOVisXiXk8T6kV4JNiQEayN5NvVB38QYT2WUSaxCGe+XXPqzhxolbgFqUGBlm9/DcKYpBEVmnCsVN91Eu1lWGpGOJ1VBqmiCSYTPKJ9QwWOqPKyefAZOjVKiIaxNE9oNFd/b2Q4UmoaBWYyD6mWvVz8z+unenjlZUwkqaaCLA4NU450jPIWUMgkJZpPDcFEMpMVkTGWmGjTVcWU4C5/eZV0GnX3vN64u6g1r4s6ynAMJ3AGLlxCE26hBW0gkMIzvMKb9WS9WO/Wx2K0ZBU7R/AH1ucPbuKTlw==</latexit>

Nearest
qnearest

<latexit sha1_base64="3gV2XcPGTWwe8YyR+qpLWZe+2Y0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GXRjcsK9gFtCJPpTTt0MokzE7GE/IobF4q49Ufc+TdO2yy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//APqx2VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC5mfndR5CKxeJeTxPwIjISLGSUaCP5dvXBH0REj2WUCSASlM59u+bUnTnwKnELUkMFWr79NRjGNI1AaMqJUn3XSbSXEakZ5ZBXBqmChNAJGUHfUEEiUF42z57jU6MMcRhL84TGc/X3RkYipaZRYCZnOdWyNxP/8/qpDq+8jIkk1SDo4lCYcqxjPCsCD5kEqvnUEEIlM1kxHRNJqDZ1VUwJ7vKXV0mnUXfP6427i1rzuqijjI7RCTpDLrpETXSLWqiNKHpCz+gVvVm59WK9Wx+L0ZJV7ByhP7A+fwDrEpUC</latexit>

G(V, E)
<latexit sha1_base64="JgDYgfcxyB+mhWKDGO7NnE6WBCc=">AAACD3icbVDLSgMxFL1TX7W+Rl26CRalgpSZKuiyKKLLCvYB7VAyadqGZh4kGaEM8wdu/BU3LhRx69adf2OmHYpWDwROzrmXe+9xQ86ksqwvI7ewuLS8kl8trK1vbG6Z2zsNGUSC0DoJeCBaLpaUM5/WFVOctkJBsedy2nRHl6nfvKdCssC/U+OQOh4e+KzPCFZa6pqHHQ+rIcE8vk5KM95IjtHsc5Ucoa5ZtMrWBOgvsTNShAy1rvnZ6QUk8qivCMdStm0rVE6MhWKE06TQiSQNMRnhAW1r6mOPSiee3JOgA630UD8Q+vkKTdSfHTH2pBx7rq5Ml5TzXir+57Uj1T93YuaHkaI+mQ7qRxypAKXhoB4TlCg+1gQTwfSuiAyxwETpCAs6BHv+5L+kUSnbJ+XK7WmxepHFkYc92IcS2HAGVbiBGtSBwAM8wQu8Go/Gs/FmvE9Lc0bWswu/YHx8A41rnFQ=</latexit>



Comparison of RRT and RRT*
39

RRT RRT*



RRT – Implementation Aspects
• Choice of norm for measure of closeness between vertices. 

• Bi-directional growth of two RRTs (or even more) simultaneously. 

• Sampling strategies dedicated to specific state spaces. 

• Kd-trees for efficient search in the tree. 

• CL-RRTs sample in the space of reference values for the closed-

loop controllers (decreases state dimension and allows unstable 

dynamics), see Lecture 9.
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Planning Using Motion Primitives and State 

Lattices



General Idea with Lattice Planning (1/2)
• In contrast to the discrete graph-search problems in Lecture 2, a 

motion-planning problem with a continuous-time differential motion 

constraint is an infinite-dimensional problem. 

• No graph with a finite set of nodes exists. 

• Idea: Select a finite number of control-signal segments (motion 

primitives) and choose them such that the start and end states of their 

corresponding trajectories are on a discrete lattice (i.e., a regular grid) 

 Back on the graph-search problem from Lecture 2. ⟹
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Likhachev, M., & D. Ferguson: ”Planning long dynamically feasible maneuvers for autonomous vehicles".  

The International Journal of Robotics Research, 28(8), 933-945, 2009.



General Idea with Lattice Planning (2/2)

• The solution is a sequence of motion primitives.
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Likhachev, M., & D. Ferguson: ”Planning long dynamically feasible maneuvers for autonomous vehicles".  

The International Journal of Robotics Research, 28(8), 933-945, 2009.

xI
<latexit sha1_base64="BjN1gsdWKPK3GlsQmDibqKd75XI=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRncV7APaoWTSTBuaZMYkUyxDv8ONC0Xc+jHu/Bsz7Sy09UDgcM693JMTxJxp47rfzsrq2vrGZmGruL2zu7dfOjhs6ihRhDZIxCPVDrCmnEnaMMxw2o4VxSLgtBWMbjK/NaZKs0g+mElMfYEHkoWMYGMl/6nXFdgMlUjvpqhXKrsVdwa0TLyclCFHvVf66vYjkggqDeFY647nxsZPsTKMcDotdhNNY0xGeEA7lkosqPbTWegpOrVKH4WRsk8aNFN/b6RYaD0RgZ3MIupFLxP/8zqJCa/8lMk4MVSS+aEw4chEKGsA9ZmixPCJJZgoZrMiMsQKE2N7KtoSvMUvL5NmteKdV6r3F+XadV5HAY7hBM7Ag0uowS3UoQEEHuEZXuHNGTsvzrvzMR9dcfKdI/gD5/MHzYqSHQ==</latexit>



State Lattice – Discretization of State Space

• To transform the original continuous motion-planning problem to 

a discrete (finite-dimensional) problem, the state space is 

discretized into the set      . 

• All state variables are discretized, e.g., using a uniform grid, which 

results in a so called state lattice. 

• The planning is then relying on using a sequence of motion 

segments, each bringing the vehicle from one state in the discrete 

set       to another (never outside this set).

44

Xd
<latexit sha1_base64="kZ/B0jDvw7oe9OaBVCKf9FVXnU0=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEwm04ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7snxE8G1cZxvtLa+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1faKZ4JK1DDeCdRPFSOQL1vHHd7nfmTCleSwfzTRhXkSGkoecEmMlrx8RM6JEZN3ZIBhUqk7NmQOvErcgVSjQHFS++kFM04hJQwXRuuc6ifEyogyngs3K/VSzhNAxGbKepZJETHvZPPQMn1slwGGs7JMGz9XfGxmJtJ5Gvp3MQ+plLxf/83qpCW+8jMskNUzSxaEwFdjEOG8AB1wxasTUEkIVt1kxHRFFqLE9lW0J7vKXV0m7XnMva/WHq2rjtqijBKdwBhfgwjU04B6a0AIKT/AMr/CGJugFvaOPxegaKnZO4A/Q5w8PlpJJ</latexit>

Xd
<latexit sha1_base64="kZ/B0jDvw7oe9OaBVCKf9FVXnU0=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEwm04ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7snxE8G1cZxvtLa+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1faKZ4JK1DDeCdRPFSOQL1vHHd7nfmTCleSwfzTRhXkSGkoecEmMlrx8RM6JEZN3ZIBhUqk7NmQOvErcgVSjQHFS++kFM04hJQwXRuuc6ifEyogyngs3K/VSzhNAxGbKepZJETHvZPPQMn1slwGGs7JMGz9XfGxmJtJ5Gvp3MQ+plLxf/83qpCW+8jMskNUzSxaEwFdjEOG8AB1wxasTUEkIVt1kxHRFFqLE9lW0J7vKXV0m7XnMva/WHq2rjtqijBKdwBhfgwjU04B6a0AIKT/AMr/CGJugFvaOPxegaKnZO4A/Q5w8PlpJJ</latexit>



State Lattice – Example
• An example where the 

translational coordinates        

are discretized uniformly and 

four different orientations     are 

allowed at each positional state. 

• The arrows indicate the set of 

allowed orientations.
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<latexit sha1_base64="0vTkh04+2gV2qgylK6XjTp6kEx4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpSkFfRY9OKxgmkLbSib7aZdutmE3Y0YQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etVWUSEJdEvFIdn2sKGeCupppTruxpDj0Oe34k9uZ33mkUrFIPOg0pl6IR4IFjGBtJLf6dJGeD8oVu2bPgVaJk5MK5GgNyl/9YUSSkApNOFaq59ix9jIsNSOcTkv9RNEYkwke0Z6hAodUedn82Ck6M8oQBZE0JTSaq78nMhwqlYa+6QyxHqtlbyb+5/USHVx7GRNxoqkgi0VBwpGO0OxzNGSSEs1TQzCRzNyKyBhLTLTJp2RCcJZfXiXtes1p1Or3l5XmTR5HEU7gFKrgwBU04Q5a4AIBBs/wCm+WsF6sd+tj0Vqw8plj+APr8wfy8o4e</latexit>

θ
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

θ
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

y
<latexit sha1_base64="mEcz1FLhuG1BpP6c5hi50qAIJ0g=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6QuNAQ==</latexit>



Motion Primitives
• The transition from one state in       to the next must obey the 

motion equations of the system (i.e., a differential constraint). 

• To encode a (discrete) set of possible state transitions within 

the lattice, a set of motion primitives          is computed. 

• Each motion primitive must start and end at one state in the 

set       (though not necessary that all states are connected).
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Xd
<latexit sha1_base64="kZ/B0jDvw7oe9OaBVCKf9FVXnU0=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEwm04ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7snxE8G1cZxvtLa+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1faKZ4JK1DDeCdRPFSOQL1vHHd7nfmTCleSwfzTRhXkSGkoecEmMlrx8RM6JEZN3ZIBhUqk7NmQOvErcgVSjQHFS++kFM04hJQwXRuuc6ifEyogyngs3K/VSzhNAxGbKepZJETHvZPPQMn1slwGGs7JMGz9XfGxmJtJ5Gvp3MQ+plLxf/83qpCW+8jMskNUzSxaEwFdjEOG8AB1wxasTUEkIVt1kxHRFFqLE9lW0J7vKXV0m7XnMva/WHq2rjtqijBKdwBhfgwjU04B6a0AIKT/AMr/CGJugFvaOPxegaKnZO4A/Q5w8PlpJJ</latexit>

Xd
<latexit sha1_base64="kZ/B0jDvw7oe9OaBVCKf9FVXnU0=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAiuykwVdFl047KCfUA7lEwm04ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdhbaeiBwOOde7snxE8G1cZxvtLa+sbm1Xdop7+7tHxxWjo7bOk4VZS0ai1h1faKZ4JK1DDeCdRPFSOQL1vHHd7nfmTCleSwfzTRhXkSGkoecEmMlrx8RM6JEZN3ZIBhUqk7NmQOvErcgVSjQHFS++kFM04hJQwXRuuc6ifEyogyngs3K/VSzhNAxGbKepZJETHvZPPQMn1slwGGs7JMGz9XfGxmJtJ5Gvp3MQ+plLxf/83qpCW+8jMskNUzSxaEwFdjEOG8AB1wxasTUEkIVt1kxHRFFqLE9lW0J7vKXV0m7XnMva/WHq2rjtqijBKdwBhfgwjU04B6a0AIKT/AMr/CGJugFvaOPxegaKnZO4A/Q5w8PlpJJ</latexit>

MP
<latexit sha1_base64="PMu9JxjOL5FWwqmT7QlfuUXVZD4=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFN26ECvYBnaFk0kwbmsmEJCOUob/hxoUibv0Zd/6NmXYW2nogcDjnXu7JCSVn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ2kitA2SXiieiHWlDNB24YZTntSURyHnHbDyW3ud5+o0iwRj2YqaRDjkWARI9hYyfdjbMYE8+y+NRtUa27dnQOtEq8gNSjQGlS//GFC0pgKQzjWuu+50gQZVoYRTmcVP9VUYjLBI9q3VOCY6iCbZ56hM6sMUZQo+4RBc/X3RoZjradxaCfzjHrZy8X/vH5qousgY0KmhgqyOBSlHJkE5QWgIVOUGD61BBPFbFZExlhhYmxNFVuCt/zlVdJp1L2LeuPhsta8Keoowwmcwjl4cAVNuIMWtIGAhGd4hTcndV6cd+djMVpyip1j+APn8wcmbZHB</latexit>



Motion Primitives – Examples

• Consider a vehicle with dynamics 

• A sample set of motion primitives 

(constant velocity) with the 

discretized orientation angles   
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ẋ = v cos(θ),

ẏ = v sin(θ),

θ̇ = v/L tan(u)
<latexit sha1_base64="8UbhXiYiTZhtrqik/Xyx/HSQhWY="></latexit>

x, y – translational coordinates
θ – orientation coordinate
v – velocity
u – steering angle (input)
L – wheelbase

<latexit sha1_base64="7iIkalLKYAiv2akWTvgACqRDZFU="></latexit>

Θd = {0,π/4,π/2, 3π/4,π,−3π/4,−π/2,−π/4}
<latexit sha1_base64="ue8/Ulmflil5dJ1YbMERkWntx6s=">AAACLXicbVDLSsNAFJ34rPUVdelmsAgu2pq0Bd0IRV24rNAXNCFMJtN26OTBzEQooT/kxl8RwUVF3PobTtOI2nphuOeecy937nEjRoU0jKm2srq2vrGZ28pv7+zu7esHh20RxhyTFg5ZyLsuEoTRgLQklYx0I06Q7zLScUc3M73zQLigYdCU44jYPhoEtE8xkopy9FurOSQSOR68glZiFKEV0fPaPFWKsPpTFmHpuyplappr1sTRC0bZSAMuAzMDBZBFw9FfLC/EsU8CiRkSomcakbQTxCXFjEzyVixIhPAIDUhPwQD5RNhJeu0EnirGg/2QqxdImLK/JxLkCzH2XdXpIzkUi9qM/E/rxbJ/aSc0iGJJAjxf1I8ZlCGcWQc9ygmWbKwAwpyqv0I8RBxhqQzOKxPMxZOXQbtSNqvlyn2tUL/O7MiBY3ACzoAJLkAd3IEGaAEMHsEzmII37Ul71d61j3nripbNHIE/oX1+ARj6oos=</latexit>



Computation of Motion Primitives
• For certain types of vehicles, analytical solutions exist for a dynamically feasible motion 

between an initial state and another desired state (e.g., Dubins path, see Lecture 3). 

• In other cases, numerical optimal control can be used to compute (optimal) motion 

segments to be used as motion primitives (see Lecture 5 and Hand-in Exercise 2). 

• Typically a cost (e.g., path length, maneuver time, utilization of control inputs) is 

associated with each motion primitive.  

• Constraints on control inputs introduced in the computations of the primitives. 

• Utilize symmetries and translational invariances in the computations (translation, 

rotations, and mirroring).
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Bergman, K: ”Exploiting Direct Optimal Control for Motion Planning in Unstructured Environments ”, Ph.D. Thesis, Div. 

Automatic Control, Linköping Univ., 2021.  
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Planning on the Lattice Using Motion Primitives (1/4)

• Recall the graph-search methods studied in Lecture 2. 

• Using the (finite set of) motion primitives, the motion-

planning problem can now be solved using graph search. 

• In each state                in the discretized state space, the 

possible transitions are given by
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xd ∈ Xd
<latexit sha1_base64="LQ0BVbwXQxOUwhKe49A7uCMLU9U=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAIrkpSBV0W3bisYB/QhDCZTNqhk0mYmYglFPwVNy4Ucet3uPNvnLZZaOuBgcM593LPnCDlTGnb/rZKK6tr6xvlzcrW9s7uXnX/oKOSTBLaJglPZC/AinImaFszzWkvlRTHAafdYHQz9bsPVCqWiHs9TqkX44FgESNYG8mvHj36IXKZQG6M9ZBgnvcmfuhXa3bdngEtE6cgNSjQ8qtfbpiQLKZCE46V6jt2qr0cS80Ip5OKmymaYjLCA9o3VOCYKi+fxZ+gU6OEKEqkeUKjmfp7I8exUuM4MJPTkGrRm4r/ef1MR1dezkSaaSrI/FCUcaQTNO0ChUxSovnYEEwkM1kRGWKJiTaNVUwJzuKXl0mnUXfO6427i1rzuqijDMdwAmfgwCU04RZa0AYCOTzDK7xZT9aL9W59zEdLVrFzCH9gff4A7UCVeA==</latexit>

ũ
p
∈ MP(xd)

<latexit sha1_base64="VfKxwTJdMp85JQyPLnDGng3aDlU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JUQZdFN26ECvYBTQyTyaQdOpmEmYlYQrdu/BU3LhRx6x+482+ctFlo64ELh3Pu5d57/IRRqSzr2ygtLa+srpXXKxubW9s75u5eR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr+6DL3u/dESBrzWzVOiBuhAachxUhpyTOhoygLCEzvEuhQDp0IqSFGLLtuTWoPXnDsmVWrbk0BF4ldkCoo0PLMLyeIcRoRrjBDUvZtK1FuhoSimJFJxUklSRAeoQHpa8pRRKSbTT+ZwCOtBDCMhS6u4FT9PZGhSMpx5OvO/FA57+Xif14/VeG5m1GepIpwPFsUpgyqGOaxwIAKghUba4KwoPpWiIdIIKx0eBUdgj3/8iLpNOr2Sb1xc1ptXhRxlMEBOAQ1YIMz0ARXoAXaAINH8AxewZvxZLwY78bHrLVkFDP74A+Mzx91SJmK</latexit>



Planning on the Lattice Using Motion Primitives (2/4)

• After application of a possible motion primitive, a collision check 

gives whether the motion is feasible (given current obstacles), i.e., it 

must be verified that 

• Graph-search methods such as Dijkstra’s and A* applicable for the 

planning. 

• The search is terminated when        has been selected for expansion.
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Path(xd, ũ
p) ∈ Xfree

<latexit sha1_base64="jEDYNpUHMP3MxyBiqygE32CRuLA=">AAACJHicbVDLSsNAFJ34rPVVdelmsAgKUpIqKLgpunFZwT6gqWEyuWkHJ5MwMxFLyMe48VfcuPCBCzd+i9OHoNYLwxzOOZd77/ETzpS27Q9rZnZufmGxsFRcXlldWy9tbDZVnEoKDRrzWLZ9ooAzAQ3NNId2IoFEPoeWf3M+1Fu3IBWLxZUeJNCNSE+wkFGiDeWVTt2I6L6Msrr58r07LzhwNeMB4PQ62ccuE3jkoIRn7dz7docSIPdKZbtijwpPA2cCymhSda/06gYxTSMQmnKiVMexE93NiNSMcsiLbqogIfSG9KBjoCARqG42OjLHu4YJcBhL84TGI/ZnR0YipQaRb5zDJdVfbUj+p3VSHZ50MyaSVIOg40FhyrGO8TAxHDAJVPOBAYRKZnbFtE8kodrkWjQhOH9PngbNasU5rFQvj8q1s0kcBbSNdtAectAxqqELVEcNRNE9ekTP6MV6sJ6sN+t9bJ2xJj1b6FdZn18uRaXH</latexit>

xG
<latexit sha1_base64="XB3BH6mYYKasehhDe5fxhLxMF58=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoQpcV7AM6Q8mkmTY0yQxJRixDf8ONC0Xc+jPu/Bsz7Sy09UDgcM693JMTJpxp47rfzsrq2vrGZmmrvL2zu7dfOThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBOOb3K/80iVZrF8MJOEBgIPJYsYwcZK/lPfF9iMlMhup/1K1a25M6Bl4hWkCgWa/cqXP4hJKqg0hGOte56bmCDDyjDC6bTsp5ommIzxkPYslVhQHWSzzFN0apUBimJlnzRopv7eyLDQeiJCO5kn1IteLv7n9VITXQUZk0lqqCTzQ1HKkYlRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu16zTuv1e8vqo3roo4SHMMJnIEHl9CAO2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AFwCZHx</latexit>



Planning on the Lattice Using Motion Primitives (3/4)

• Recall the A* graph-search algorithm from Lecture 2.
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Planning on the Lattice Using Motion Primitives (4/4)

• Same functions as in the A* graph-search algorithm from Lecture 

2, but with some additional ones: 

• NextState: Provides the state reached after application of the 

considered motion primitive. 

• Path: Gives the path between the state    and the next state by 

application of the specific motion primitive     . 

• Cost: The cost to move between two specified states.
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Lattice Planning – Implementation Aspects
• Choice of state discretization non-trivial task, closely connected to 

the specific vehicle dynamics and targeted planning situations. 

• Cardinality of the sets      and         influences the online 

computational time, since the graph-search problem increases in size. 

• The set of motion primitives can be computed offline. 

• Tabulated values for computing heuristics for distance between two 

states (e.g., representing the cost-to-go in free space).
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Example: Lattice Planning (1/2)

• The task is to move from the blue 

arrow to the black arrow, using the set 

of motion primitives shown on a 

previous slide. 

• Application of the Dijkstra and A* 

algorithms from Hand-in Exercise 1 

gives the results in the plot to the right 

(blue lines – forward, red lines – reverse).

54



Example: Lattice Planning (2/2)

• Some observations in the results: 

• The finite set of motion primitives 

implies restrictions on the motion. 

• The choice of graph-search 

strategy leads to different 

solutions. 

• Further studied in Hand-in Exercise 2.
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Tools and Libraries for Motion Planning



Open Motion Planning Library
• Library containing several different state-of-the-art algorithms for 

sampling-based motion planning. 

• A subset of the planners also support optimal motion planning 

and planning with differential constraints. 

• Possible to interface with visualization and collision-checking 

software libraries. 

• Homepage: https://ompl.kavrakilab.org
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ROS Package MoveIT
• A ROS (Robot Operating System) package for motion planning. 

• Includes, e.g., interfaces to planners from: 

• Open Motion Planning Library, 

• Search Based Planning Library 

• Visualization is possible using the tool RViz. 

• C++ and Python interfaces are available. 

• Homepage: https://moveit.ros.org
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Decoupled Approaches to Motion Planning

The material in the following section is slightly more advanced and can be 

considered as extra material in the course. The methods presented here 

will not be part of the hand-in exercises.



Decoupled Approach to Motion Planning

• The motion-planning problem can be decoupled into the 

following two phases to reduce complexity: 

• path planning and 

• trajectory planning (~velocity planning). 

• The second problem is then often called path-constrained 

trajectory planning.
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Parameterization of Vehicle Dynamics on Path (1/2)

• Assume that a path is described by a (two-times 

differentiable) function of a (scalar) path coordinate

61

Dahl, O: ”Path Constrained Robot Control”, Ph.D. Thesis, Dept. Automatic Control, Lund Univ., 1992.

• The idea is now to describe 

the vehicle dynamics using 

this additional path-tracking 

requirement.

q = f(s), s ∈ [s0, sf ], q ∈ R
n
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• Using the chain rule, the following relations can be shown

Parameterization of Vehicle Dynamics on Path
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dt
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Example: Particle Motion in Two Dimensions (1/2)

• Assume that we have a particle moving in a plane like a 2D 

printer, where the force in each direction can be controlled 

• Using the relations on the previous slide, it is obtained 
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m1q̈1 = u1, m2q̈2 = u2, −1 ≤ u1, u2 ≤ 1
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Example: Particle Motion in Two Dimensions (2/2)

• The path to be followed is a straight line described by 

• With this path and the considered vehicle dynamics, the 

problem is to determine the path acceleration     (and 

thereby the control inputs            ) such that
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Transformation to Fixed Interval (1/3)

• The time duration of the motion is unknown a priori, and 

thus the final time is part of the problem to compute. 

• Transformation to a fixed interval (over values of the path 

coordinate), allows reduction of the problem complexity.
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Transformation to Fixed Interval (2/3)

• For a general second-order system, the system dynamics 

can be written as follows 

• Introduce new variables according to
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F (s, ṡ, s̈, u) = 0
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Transformation to Fixed Interval (2/3)
• Using the chain rule again, it is obtained that 

• Assume now that the cost function to minimize in this 

motion-planning problem is the time. This cost can be 

written in the path velocity as follows
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⇒ β0(s) = 2α(s)
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Optimization Problem for Path Tracking (1/2)
• With the transformations on the previous slides, the time-optimal 

trajectory-planning problem for path following can be stated as 

• The solution tells us how fast we can go along the desired path, 

while taking the motion constraints and control-input constraints 

into account.
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minimize
α(s), s2[s0,sf ]

Z
sf

s0

1
√
β
ds

subject to β0 = 2α, F (s,β,α, u) = 0,

umin ≤ u ≤ umax
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Optimization Problem for Path Tracking (2/2)
• The optimization problem can be solved using numerical 

optimal control (see Lecture 5) or by constructing the solution in 

the phase plane by integration (next slide). 

• Note that the problem has been transformed such that  

• it is now over a fixed interval (time unknown a priori) and  

• the state dimension is independent of the number of degrees-

of-freedom     in the considered vehicle dynamics.
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<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>



Planning in the Phase Plane 
• To compute the time-optimal 

solution, the path velocity    should be 

as high as possible along the path. 

• The solution can be constructed by 

integrating forward and backward 

with maximum or minimum path 

acceleration   . 

• The allowed area in the phase plane 

is described by
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Bobrow, J. E., S. Dubowsky, & J. S. Gibson: ”Time-optimal control of robotic manipulators along specified paths”,  

The International Journal of Robotics Research, 4(3), 3-17, 1985.

s–ṡ
<latexit sha1_base64="wVf7TbA6Yiefjhg1EpmEuZfNtgA=">AAAB+XicbVDLTgJBEOzFF+Jr1aOXicTEC2QXTfRI9OIRE0ES2JDZYRYmzD4y00skG/7EiweN8eqfePNvHGAPClYySaWqK91TfiKFRsf5tgpr6xubW8Xt0s7u3v6BfXjU0nGqGG+yWMaq7VPNpYh4EwVK3k4Up6Ev+aM/up35j2OutIijB5wk3AvpIBKBYBSN1LNt3UX+hFmlMu32YyS6Z5edqjMHWSVuTsqQo9Gzv0yQpSGPkEmqdcd1EvQyqlAwyaelbqp5QtmIDnjH0IiGXHvZ/PIpOTNKnwSxMi9CMld/JzIaaj0JfTMZUhzqZW8m/ud1UgyuvUxESYo8YotFQSoJxmRWA+kLxRnKiSGUKWFuJWxIFWVoyiqZEtzlL6+SVq3qXlRr95fl+k1eRxFO4BTOwYUrqMMdNKAJDMbwDK/wZmXWi/VufSxGC1aeOYY/sD5/AEZ3k2s=</latexit>

ṡ
<latexit sha1_base64="3BjSe3F3UnToW2dAZXWaQqI6lC8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY2kxmSO0IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm8QIzH9csWtunOQVeLlpAI5Gv3ylw2yNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m207JmVUGJIy1fQrJXP2dyGhkzCQK7GREcWSWvZn4n9dNMbz2M6GSFLlii4/CVBKMyex0MhCaM5QTSyjTwu5K2IhqytAWVLIleMsnr5JWrepdVGv3l5X6TV5HEU7gFM7Bgyuowx00oAkMHuEZXuHNiZ0X5935WIwWnDxzDH/gfP4ASfSO8A==</latexit>

s̈
<latexit sha1_base64="dXmVbvWB6fYJHFLId3jF3xR97Yw=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM1m0y7dbMLuRCihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx3czvPHFtRKIecZJyP6ZDJSLBKFqp0w/DBIkZVKpuzZ2DrBKvIFUo0BxUvvphwrKYK2SSGtPz3BT9nGoUTPJpuZ8ZnlI2pkPes1TRmBs/n587JedWCUmUaFsKyVz9PZHT2JhJHNjOmOLILHsz8T+vl2F04+dCpRlyxRaLokwSTMjsdxIKzRnKiSWUaWFvJWxENWVoEyrbELzll1dJu17zLmv1h6tq47aIowSncAYX4ME1NOAemtACBmN4hld4c1LnxXl3Phata04xcwJ/4Hz+AAjRj14=</latexit>

Sfree = {(s, ṡ) : s̈min(s, ṡ) ≤ s̈max(s, ṡ)}
<latexit sha1_base64="pxD9Sg36MXzJpROW5EGd18d89ps="></latexit>

Sfree
<latexit sha1_base64="upTtBpFsyZC19BM0Ls0ZnqAD+5M=">AAACA3icbZDLSsNAFIYnXmu9Rd3pZrAIrkpSBV0W3bisaC/QhjCZnrRDJxdmJkIJATe+ihsXirj1Jdz5Nk7SLLT1h4GP/5zDnPN7MWdSWda3sbS8srq2Xtmobm5t7+yae/sdGSWCQptGPBI9j0jgLIS2YopDLxZAAo9D15tc5/XuAwjJovBeTWNwAjIKmc8oUdpyzcNBQNSYEp7eZW7BIkh9AZBh16xZdasQXgS7hBoq1XLNr8EwokkAoaKcSNm3rVg5KRGKUQ5ZdZBIiAmdkBH0NYYkAOmkxQ0ZPtHOEPuR0C9UuHB/T6QkkHIaeLoz31LO13Lzv1o/Uf6lk7IwThSEdPaRn3CsIpwHgodMAFV8qoFQwfSumI6JIFTp2Ko6BHv+5EXoNOr2Wb1xe15rXpVxVNAROkanyEYXqIluUAu1EUWP6Bm9ojfjyXgx3o2PWeuSUc4coD8yPn8AtZOYMg==</latexit>

s
<latexit sha1_base64="8r6dWOvdyfgmPOHEanDSQrmgcis=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3/OM+w==</latexit>

ṡ
<latexit sha1_base64="3BjSe3F3UnToW2dAZXWaQqI6lC8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ae0Q8mkmTY2kxmSO0IZ+g9uXCji1v9x59+YtrPQ1gOBwzn3kHtPkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm8QIzH9csWtunOQVeLlpAI5Gv3ylw2yNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m207JmVUGJIy1fQrJXP2dyGhkzCQK7GREcWSWvZn4n9dNMbz2M6GSFLlii4/CVBKMyex0MhCaM5QTSyjTwu5K2IhqytAWVLIleMsnr5JWrepdVGv3l5X6TV5HEU7gFM7Bgyuowx00oAkMHuEZXuHNiZ0X5935WIwWnDxzDH/gfP4ASfSO8A==</latexit>

s̈min
<latexit sha1_base64="iUheUD9twtWwf47WCYr2qQa1n9s=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5CRbBVUmqoMuiG5cV7AOaECaTaTt0HmFmItRQ/BU3LhRx63+482+ctFlo64GBwzn3cs+cOKVEac/7tiorq2vrG9VNe2t7Z3fP2T/oKJFJhNtIUCF7MVSYEo7bmmiKe6nEkMUUd+PxTeF3H7BURPB7PUlxyOCQkwFBUBspco6CJBHaVlHAoB5JljPCp5FT8+reDO4y8UtSAyVakfMVJAJlDHONKFSq73upDnMoNUEUT+0gUziFaAyHuG8ohwyrMJ+ln7qnRkncgZDmce3O1N8bOWRKTVhsJouMatErxP+8fqYHV2FOeJppzNH80CCjrhZuUYWbEImRphNDIJLEZHXRCEqItCnMNiX4i19eJp1G3T+vN+4uas3rso4qOAYn4Az44BI0wS1ogTZA4BE8g1fwZj1ZL9a79TEfrVjlziH4A+vzB9eUlXs=</latexit>

s̈max
<latexit sha1_base64="2IKI+XeQ3GwzHGpzjhMKanL+ohs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq6LLoxmUF+4AmhMlk0g6dmYSZiVhD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zwpRRpR3n21paXlldW69sVDe3tnd27b39jkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6Lrwu/dEKpqIOz1Oic/RQNCYYqSNFNiHXhQlGqrA40gPJc85epgEds2pO1PAReKWpAZKtAL7y4sSnHEiNGZIqb7rpNrPkdQUMzKpepkiKcIjNCB9QwXiRPn5NP0EnhglgnEizRMaTtXfGzniSo15aCaLjGreK8T/vH6m40s/pyLNNBF4dijOGNQJLKqAEZUEazY2BGFJTVaIh0girE1hVVOCO//lRdJp1N2zeuP2vNa8KuuogCNwDE6BCy5AE9yAFmgDDB7BM3gFb9aT9WK9Wx+z0SWr3DkAf2B9/gD9IpWT</latexit>

s̈min
<latexit sha1_base64="iUheUD9twtWwf47WCYr2qQa1n9s=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5CRbBVUmqoMuiG5cV7AOaECaTaTt0HmFmItRQ/BU3LhRx63+482+ctFlo64GBwzn3cs+cOKVEac/7tiorq2vrG9VNe2t7Z3fP2T/oKJFJhNtIUCF7MVSYEo7bmmiKe6nEkMUUd+PxTeF3H7BURPB7PUlxyOCQkwFBUBspco6CJBHaVlHAoB5JljPCp5FT8+reDO4y8UtSAyVakfMVJAJlDHONKFSq73upDnMoNUEUT+0gUziFaAyHuG8ohwyrMJ+ln7qnRkncgZDmce3O1N8bOWRKTVhsJouMatErxP+8fqYHV2FOeJppzNH80CCjrhZuUYWbEImRphNDIJLEZHXRCEqItCnMNiX4i19eJp1G3T+vN+4uas3rso4qOAYn4Az44BI0wS1ogTZA4BE8g1fwZj1ZL9a79TEfrVjlziH4A+vzB9eUlXs=</latexit>

s̈max
<latexit sha1_base64="2IKI+XeQ3GwzHGpzjhMKanL+ohs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq6LLoxmUF+4AmhMlk0g6dmYSZiVhD8VfcuFDErf/hzr9x0mahrQcGDufcyz1zwpRRpR3n21paXlldW69sVDe3tnd27b39jkoyiUkbJyyRvRApwqggbU01I71UEsRDRrrh6Lrwu/dEKpqIOz1Oic/RQNCYYqSNFNiHXhQlGqrA40gPJc85epgEds2pO1PAReKWpAZKtAL7y4sSnHEiNGZIqb7rpNrPkdQUMzKpepkiKcIjNCB9QwXiRPn5NP0EnhglgnEizRMaTtXfGzniSo15aCaLjGreK8T/vH6m40s/pyLNNBF4dijOGNQJLKqAEZUEazY2BGFJTVaIh0girE1hVVOCO//lRdJp1N2zeuP2vNa8KuuogCNwDE6BCy5AE9yAFmgDDB7BM3gFb9aT9WK9Wx+z0SWr3DkAf2B9/gD9IpWT</latexit>



Example: Time-Optimal Motion for the Particle Model (1/4)

• Recall the previous example where the particle is moving 

along a straight line with constant limits on the forces. Let the 

parameters be 

• Given the constraints on the inputs, the time-optimal solution 

should satisfy
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m1 = 2, m2 = 1, k1 = 1, k2 = 1, s0 = 0, sf = 1
<latexit sha1_base64="GrqLq1CyghxCXJPxenHJFTDhVl8=">AAACO3icbVBJS8NAFJ7UrcYt6tHLYBE8lJJUQS9C0YvHKnaBtoTJdNIOnUnizEQoof/Li3/CmxcvHhTx6t1pmkIXHwx8y3u8eZ8XMSqVbb8ZuZXVtfWN/Ka5tb2zu2ftH9RlGAtMajhkoWh6SBJGA1JTVDHSjARB3GOk4Q1uxn7jiQhJw+BBDSPS4agXUJ9ipLTkWvfcdeAVLBdh+zFGXcjdsqbOlA5Sd4bOudK1NbWL5pT6Y9e1CnbJTgsuAycDBZBV1bVe290Qx5wECjMkZcuxI9VJkFAUMzIy27EkEcID1CMtDQPEiewk6e0jeKKVLvRDoV+gYKrOTiSISznknu7kSPXlojcW//NasfIvOwkNoliRAE8W+TGDKoTjIGGXCoIVG2qAsKD6rxD3kUBY6bhNHYKzePIyqJdLzlmpfHdeqFxnceTBETgGp8ABF6ACbkEV1AAGz+AdfIIv48X4ML6Nn0lrzshmDsFcGb9/+qKmTA==</latexit>

s̈max = min
i=1,2

umax

i

miki
=

1

2
,

s̈min = max
i=1,2

umin

i

miki
= −

1

2
<latexit sha1_base64="4lMIzQuC9bzoQvcK5RZ3Vm5Zc5Y="></latexit>

−1 ≤ m1k1s̈ ≤ 1,

−1 ≤ m2k2s̈ ≤ 1
<latexit sha1_base64="F2k9HjShXaDkl3/OXjxnwv7/jEE=">AAACJXicbVDLSsNAFJ34rPFVdelmsAgutGSqoAsXRTcuK9gHNCFMJpN2yOThzEQooT/jxl9x48Iigit/xWkb0LYeuHA4517uvcdLOZPKsr6MpeWV1bX10oa5ubW9s1ve22/JJBOENknCE9HxsKScxbSpmOK0kwqKI4/Tthfejv32ExWSJfGDGqTUiXAvZgEjWGnJLV+fIWhz+ggjF4Uusn0/UVBOJXRq2+avXwvd2qzvlitW1ZoALhJUkAoo0HDLI9tPSBbRWBGOpewiK1VOjoVihNOhaWeSppiEuEe7msY4otLJJ18O4bFWfBgkQles4ET9O5HjSMpB5OnOCKu+nPfG4n9eN1PBlZOzOM0Ujcl0UZBxqBI4jgz6TFCi+EATTATTt0LSxwITpYM1dQho/uVF0qpV0Xm1dn9Rqd8UcZTAITgCJwCBS1AHd6ABmoCAZ/AK3sHIeDHejA/jc9q6ZBQzB2AGxvcPqnuhsQ==</latexit>

⇒
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit>

−1 ≤ u1, u2 ≤ 1
<latexit sha1_base64="1z0fOP/iS52R1IRkZJuZUhKGy8M=">AAACAHicbVC7SgNBFJ2Nr7i+Vi0sbAaDYKFhJwpaBm0sI5gHJMsyO5lNhszOrvMQwpLGX7GxUMTWz7Dzb5w8Ck08cOHMOfcy954o40xp3/92CkvLK6trxXV3Y3Nre8fb3Wuo1EhC6yTlqWxFWFHOBK1rpjltZZLiJOK0GQ1uxn7zkUrFUnGvhxkNEtwTLGYEayuF3sEZgh1OH6AJ0alrwsr0hUKv5Jf9CeAiQTNSAjPUQu+r002JSajQhGOl2sjPdJBjqRnhdOR2jKIZJgPco21LBU6oCvLJASN4bJUujFNpS2g4UX9P5DhRaphEtjPBuq/mvbH4n9c2Or4KciYyo6kg049iw6FO4TgN2GWSEs2HlmAimd0Vkj6WmGibmWtDQPMnL5JGpYzOy5W7i1L1ehZHERyCI3ACELgEVXALaqAOCBiBZ/AK3pwn58V5dz6mrQVnNrMP/sD5/AEL3ZQh</latexit>



Example: Time-Optimal Motion for the Particle Model (2/4)

• The time-optimal solution is of bang-bang character, i.e., 

• Integration two times and utilization of boundary values 

and continuity of path coordinate and path velocity gives
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s̈ =

(

s̈max, t0 ≤ t ≤ t1

s̈min, t1 ≤ t ≤ tf
<latexit sha1_base64="m8r+fMiZmsSbiIRmz2PrJC+7+IM="></latexit>

s =











1

4
t2, t0 ≤ t ≤ t1

−
1

4
t2 +

√
2t− 1, t1 ≤ t ≤ tf

<latexit sha1_base64="4VBHROZiM+4ENt0DmiuR6ZDydeo="></latexit>

t1 =

√

2, tf = 2t1
<latexit sha1_base64="gNFZ4kPDiAb8KzIHCebYL8pP/rs=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwISWJgm6EohuXFewDmhIm00k7dPLozI1QQtdu/BU3LhRx6xe482+ctllo64ELh3Pu5d57/ERwBZb1bRSWlldW14rrpY3Nre0dc3evoeJUUlansYhlyyeKCR6xOnAQrJVIRkJfsKY/uJn4zQcmFY+jexglrBOSXsQDTgloyTMPwbPxFXbVUELmjE+xOxympIvBC7TsaNczy1bFmgIvEjsnZZSj5plfbjemacgioIIo1batBDoZkcCpYOOSmyqWEDogPdbWNCIhU51s+soYH2uli4NY6ooAT9XfExkJlRqFvu4MCfTVvDcR//PaKQSXnYxHSQosorNFQSowxHiSC+5yySiIkSaESq5vxbRPJKGg0yvpEOz5lxdJw6nYZxXn7rxcvc7jKKIDdIROkI0uUBXdohqqI4oe0TN6RW/Gk/FivBsfs9aCkc/soz8wPn8AFzyYmg==</latexit>



Example: Time-Optimal Motion for the Particle Model (3/4)

• Recall the differential relations with respect to the path 

coordinate 

• Path acceleration and path velocity then computed as
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β0(s) = 2α(s), α(s(t)) = s̈(t), β(s(t)) = ṡ(t)2
<latexit sha1_base64="xgHn2LqBNQ+pAO8HfJ+imTzEBWk="></latexit>

α =

(

s̈max, s0 ≤ s ≤ s1

s̈min, s1 ≤ s ≤ sf
<latexit sha1_base64="ftqOL7aklD7qR470+Sxcn8F7q1M="></latexit>

⇒
<latexit sha1_base64="aa+RtvqzfdVoDKVWFQEMlw9hXxM=">AAAB8nicbVBNS8NAEJ34WetX1aOXYBE8laQKeix68VjFfkAayma7aZdudsPuRCmlP8OLB0W8+mu8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdgqbu/s7u2XDg6bRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8mfqtR6YNV/IBRykLE9KXPOaUoJWCzj3vD5BorZ66pbJX8WZwl4mfkzLkqHdLX52eolnCJFJBjAl8L8VwTDRyKtik2MkMSwkdkj4LLJUkYSYcz06euKdW6bmx0rYkujP198SYJMaMksh2JgQHZtGbiv95QYbxVTjmMs2QSTpfFGfCReVO/3d7XDOKYmQJoZrbW106IJpQtCkVbQj+4svLpFmt+OeV6t1FuXadx1GAYziBM/DhEmpwC3VoAAUFz/AKbw46L8678zFvXXHymSP4A+fzB5JpkXE=</latexit>

p

β =

(√
s, s0 ≤ s ≤ s1

p

(−s+ 1), s1 ≤ s ≤ sf
<latexit sha1_base64="no6ANrvW1vuLg2Rg3WGpJECUGNM="></latexit>

s1 =
1

2
sf , sf = 1

<latexit sha1_base64="C18PvDDIxcAg62oGsz27+l0oVG8=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCCymZKuhGKLpxWcFeoClhMpm0QyeTODMRSsgLuPFV3LhQxK17d76N0zYLbT0w8PH/53Dm/H7CmdKO820tLC4tr6yW1srrG5tb2/bObkvFqSS0SWIey46PFeVM0KZmmtNOIimOfE7b/vB67LcfqFQsFnd6lNBehPuChYxgbSTPPlQegpfQDUKJSYbyrJYrLzyB7n2KA2jQmMizK07VmRScB1RABRTV8OwvN4hJGlGhCcdKdZGT6F6GpWaE07zspoommAxxn3YNChxR1csm1+TwyCgBDGNpntBwov6eyHCk1CjyTWeE9UDNemPxP6+b6vCilzGRpJoKMl0UphzqGI6jgQGTlGg+MoCJZOavkAywyUWbAMsmBDR78jy0alV0Wq3dnlXqV0UcJbAPDsAxQOAc1MENaIAmIOARPINX8GY9WS/Wu/UxbV2wipk98Keszx9f2ZnX</latexit>

β0(s) = 2α(s)
<latexit sha1_base64="/Hv5h6KUnNkTr3tsjc4KbrG0za8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR66bMVEE3QtGNywr2AZ2h3EnTNjSTGZKMUMYu/BU3LhRx62+4829M21lo64ELJ+fcS+49QcyZ0o7zbeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kKwBFORO0rpnmtBVLCmHAaTMY3kz85gOVikXiXo9i6ofQF6zHCGgjdewDL6AaTkrqFF/higc8HoB5dOyiU3amwIvEzUgRZah17C+vG5EkpEITDkq1XSfWfgpSM8LpuOAlisZAhtCnbUMFhFT56XT/MT42Shf3ImlKaDxVf0+kECo1CgPTGYIeqHlvIv7ntRPdu/RTJuJEU0FmH/USjnWEJ2HgLpOUaD4yBIhkZldMBiCBaBNZwYTgzp+8SBqVsntWrtydF6vXWRx5dIiOUAm56AJV0S2qoToi6BE9o1f0Zj1ZL9a79TFrzVnZzD76A+vzBymYlEM=</latexit>
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u1(t) (blue), u2(t) (red)
<latexit sha1_base64="DZvjRfK7XZsZ2mclRbm8C1PZ2f8=">AAACFnicbVDLSgNBEJyNrxhfUY9eBoOQgIbdKOgx6MVjBKNCdllmJx0dnH0w0yOGJV/hxV/x4kERr+LNv3HyOKixoKGo6qa7K8qk0Oi6X05hZnZufqG4WFpaXlldK69vXOjUKA5tnspUXUVMgxQJtFGghKtMAYsjCZfR7cnQv7wDpUWanGM/gyBm14noCc7QSmF5z4ReFWvUR7jHnFYjaaA22KU+NWHjp6GgWxuE5Ypbd0eg08SbkAqZoBWWP/1uyk0MCXLJtO54boZBzhQKLmFQ8o2GjPFbdg0dSxMWgw7y0VsDumOVLu2lylaCdKT+nMhZrHU/jmxnzPBG//WG4n9ex2DvKMhFkhmEhI8X9YykmNJhRrQrFHCUfUsYV8LeSvkNU4yjTbJkQ/D+vjxNLhp1b7/eODuoNI8ncRTJFtkmVeKRQ9Ikp6RF2oSTB/JEXsir8+g8O2/O+7i14ExmNskvOB/fYz2dBQ==</latexit>

Path coordinate s(t)
<latexit sha1_base64="V+3Aw7SfHrkU3DCgCb1ukW6cgOY=">AAACBXicbVA9SwNBEN3zM8avqKUWi0HQJtxFQcugjWUE8wFJCHubiVmyt3vszonhSGPjX7GxUMTW/2Dnv3HzUWjig4HHezPMzAtjKSz6/re3sLi0vLKaWcuub2xubed2dqtWJ4ZDhWupTT1kFqRQUEGBEuqxARaFEmph/2rk1+7BWKHVLQ5iaEXsTomu4Ayd1M4dNBEeMC0z7FGutekIxRDokNpjPGnn8n7BH4POk2BK8mSKcjv31exonkSgkEtmbSPwY2ylzKDgEobZZmIhZrzP7qDhqGIR2FY6/mJIj5zSoV1tXCmkY/X3RMoiawdR6Dojd66d9Ubif14jwe5FKxUqThAUnyzqJpKipqNIaEcY4CgHjjBuhLuV8h4zjKMLLutCCGZfnifVYiE4LRRvzvKly2kcGbJPDskxCcg5KZFrUiYVwskjeSav5M178l68d+9j0rrgTWf2yB94nz/q6pgt</latexit>

Path velocity ṡ(t)
<latexit sha1_base64="+FnZI8MosFwVescfSG2Brr9Yu7c=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQm7AbBS2DNpYRzAOSJcxObpIhsw9m7gbDktLGX7GxUMTWT7Dzb5wkW2jigYHDOfcw9x4vkkKjbX9bmZXVtfWN7GZua3tndy+/f1DXYaw41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3gz9RsjUFqEwT2OI3B91g9ET3CGRurkj9sID5hUGQ7oCGTIBY7phLa7IVJdxLNOvmCX7BnoMnFSUiApqp38l8ny2IcAuWRatxw7QjdhCgWXMMm1Yw0R40PWh5ahAfNBu8nskAk9NUqX9kJlXoB0pv5OJMzXeux7ZtI3G+tFbyr+57Vi7F25iQiiGCHg8496saQY0mkrtCsUcJRjQxhXwuxK+YApxtF0lzMlOIsnL5N6ueScl8p3F4XKdVpHlhyRE1IkDrkkFXJLqqRGOHkkz+SVvFlP1ov1bn3MRzNWmjkkf2B9/gAOsZlV</latexit>

Path velocity
p

β(s)
<latexit sha1_base64="YZcqb2SulgtNnAmjfV05Pa7MeSY=">AAACDnicbVDJSgNBEO1xjXEb9eilMQTiJcxEQY9BLx4jmAUyIfR0KkmTnsXummAY8gVe/BUvHhTx6tmbf2NnOWjig4LHe1VU1fNjKTQ6zre1srq2vrGZ2cpu7+zu7dsHhzUdJYpDlUcyUg2faZAihCoKlNCIFbDAl1D3B9cTvz4EpUUU3uEohlbAeqHoCs7QSG077yE8YFph2KdDkBEXOKJj6ul7hannA7JxQZ+27ZxTdKagy8SdkxyZo9K2v7xOxJMAQuSSad10nRhbKVMouIRx1ks0xIwPWA+ahoYsAN1Kp++Mad4oHdqNlKkQ6VT9PZGyQOtR4JvOwNytF72J+J/XTLB72UpFGCcIIZ8t6iaSYkQn2dCOUMBRjgxhXAlzK+V9phhHk2DWhOAuvrxMaqWie1Ys3Z7nylfzODLkmJyQAnHJBSmTG1IhVcLJI3kmr+TNerJerHfrY9a6Ys1njsgfWJ8/mhGccA==</latexit>
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topics studied during this lecture in more detail.
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