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Purpose of this Lecture

• Provide an introduction (focus on usage of methods) to 
some core methods in the field of learning for 

autonomous vehicles:  

• Neural networks, 

• Reinforcement learning.
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Expected Take-Aways from this Lecture

• Be familiar with how neural networks can be used for learning. 

• Have basic knowledge about the formalism of Markov decision 

processes and basic methods for solving reinforcement-learning 

problems in discrete time and finite state and action spaces. 

• Be familiar with how neural networks and reinforcement 

learning can be combined to solve problems where the state 
spaces are continuous.
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Literature Reading

• Sections 11.2-11.8 in Hastie, T., R. Tibshirani, J. Friedman, & J. Franklin: 
The Elements of Statistical Learning: Data Mining, Inference and Prediction. 
2nd Edition, Springer, 2005. 

• Sections 1, 4.1-4.4, and 6.1-6.5 in Sutton, R. S., & A. G. Barto: 
Reinforcement learning: An introduction. MIT Press, 2018. 

• Scan the content of Mnih, V., Kavukcuoglu, K., Silver, D. et al: ”Human-level 
control through deep reinforcement learning”, Nature 518, 529–533, 2015.

4

The following book and article sections are the main reading material for this lecture. References to 
further reading are provided throughout the slides and at the end of the lecture slides. 



Outline of the Lecture

• Learning using neural networks. 

• Introduction to reinforcement learning. 

• Combining neural networks and reinforcement learning. 

• Some software libraries for machine learning.
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Learning Using Neural Networks



Introduction and Background (1/2)

• Historically: Inspiration from the human brain, with its neurons and 
synapses (connections); activation of a neuron by a signal that reaches a 
certain threshold. 

• A neural network is a nonlinear function approximator (often with 
multiple inputs and outputs), curve-fitting in high-dimensional spaces. 

• Concept has been described several decades ago, and since ~10 years 
a very active research area again because of much available data, 
efficient algorithms, and efficient computational hardware platforms.
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Introduction and Background (2/2)

• Function parameterized using parameters in     (often high-dimensional 
vector, with thousand, millions, or even billions of elements).     

• Often large amount of training data                                with large     
to compute the parameters.

8

Input: 
Time-series data, 
Image, 
Natural language, 
Text, etc.

Output: 
Prediction of output, 
or class/category

y = f(x; θ)
<latexit sha1_base64="pcEjztPmthIedtFeU0B4y6/qZrg=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUS0mqoCBC0YvHCvYD2lA22027dLMJu5NiCP0nXjwo4tV/4s1/47bNQVsfDDzem2Fmnh8LrsFxvq2V1bX1jc3CVnF7Z3dv3z44bOooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR3dTvzVmSvNIPkIaMy8kA8kDTgkYqWfbKb7BQfnpugtDBuQM9+ySU3FmwMvEzUkJ5aj37K9uP6JJyCRQQbTuuE4MXkYUcCrYpNhNNIsJHZEB6xgqSci0l80un+BTo/RxEClTEvBM/T2RkVDrNPRNZ0hgqBe9qfif10kguPIyLuMEmKTzRUEiMER4GgPuc8UoiNQQQhU3t2I6JIpQMGEVTQju4svLpFmtuOeV6sNFqXabx1FAx+gElZGLLlEN3aM6aiCKxugZvaI3K7NerHfrY966YuUzR+gPrM8fd5iSQQ==</latexit>

θ
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>

X = (x1, . . . , xN )
<latexit sha1_base64="s4UYmwa11+qDZbu8vBRREa5xy8o=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxChVKSKuhGKLpxJRXsA9oQJpNJO3SSCTMTaQ3FX3HjQhG3/oc7/8Zpm4W2HrhwOOde7r3HixmVyrK+jdzS8srqWn69sLG5tb1j7u41JU8EJg3MGRdtD0nCaEQaiipG2rEgKPQYaXmD64nfeiBCUh7dq1FMnBD1IhpQjJSWXPOgDS9haeja5S7zuZLloXt74ppFq2JNAReJnZEiyFB3za+uz3ESkkhhhqTs2FasnBQJRTEj40I3kSRGeIB6pKNphEIinXR6/Rgea8WHARe6IgWn6u+JFIVSjkJPd4ZI9eW8NxH/8zqJCi6clEZxokiEZ4uChEHF4SQK6FNBsGIjTRAWVN8KcR8JhJUOrKBDsOdfXiTNasU+rVTvzoq1qyyOPDgER6AEbHAOauAG1EEDYPAInsEreDOejBfj3fiYteaMbGYf/IHx+QP7iZOk</latexit>

N
<latexit sha1_base64="FUcBaOutMug4qVqfNLwic8W1axE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ffjNY=</latexit>



A Nonlinear Function Approximator

• A complex nonlinear relation between inputs and outputs can be 
approximated using a parametric function. 

• The parameters of the model are determined by fitting the parameters 
to the training data. 

• The model uses specific characteristics (often called features) of the 
training data, ideally being informative and independent of each other 
(e.g., specific measured or observed quantities). 

• Separate validation data are then used to evaluate the fit of the model.
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Structure of a Single Hidden-Layer Neural Network

• A neural network consists of 
hidden layers and an output 

layer. 

• The basic version contains a 
single hidden layer. 

• A (nonlinear) activation 

function acts on an affine 
combination of the inputs.
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Hastie, T., R. Tibshirani, J. Friedman, & J. Franklin: The Elements of Statistical Learning: Data Mining, Inference and Prediction. 2nd Edition, Springer, 2005.

Zm = σ(α0,m + αT

mX), m = 1, . . . ,M,

Tk = β0,k + βT

k Z, k = 1, . . . ,K,

fk(X) = gk(T ), k = 1, . . . ,K
<latexit sha1_base64="AIxWuc9Ih8CTkiPUS7jTUyRN5aE="></latexit>

X – input data
fk(X) – model output for input X
σ(·) – activation function
α, β – parameters
Z = (Z1, Z2, . . . , ZM )
T = (T1, T2, . . . , TK)
gk(·) – output function

<latexit sha1_base64="lQ1JT8imyGRp+1TWLd5oEG8EuRU="></latexit>



Some Example Activation Functions

• Linear combination of the inputs. 

• Sigmoid (approximation of a step function): 

• Rectifier (Rectified Linear Unit – ReLU): 

• Gaussian radial basis function (RBF):
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Goodfellow, I., Y. Bengio, & A. Courville: Deep Learning. MIT Press, 2016.

σ(v) =
1

1 + exp(−v)
<latexit sha1_base64="MMwNtCYolAO96QLZSoUmcZmxk10=">AAACCXicbVDLSgMxFM3UV62vUZdugkVoEctMFXQjFN24rGAf0BlKJs20oUlmSDLFMnTrxl9x40IRt/6BO//GtJ2FVg9cOJxzL/feE8SMKu04X1ZuaXlldS2/XtjY3NresXf3mipKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw+up3xoRqWgk7vQ4Jj5HfUFDipE2UteGnqJ9jkqjMryEXigRTt1J6h575D4unYzKk65ddCrODPAvcTNSBBnqXfvT60U44URozJBSHdeJtZ8iqSlmZFLwEkVihIeoTzqGCsSJ8tPZJxN4ZJQeDCNpSmg4U39OpIgrNeaB6eRID9SiNxX/8zqJDi/8lIo40UTg+aIwYVBHcBoL7FFJsGZjQxCW1NwK8QCZOLQJr2BCcBdf/kua1Yp7WqnenhVrV1kceXAADkEJuOAc1MANqIMGwOABPIEX8Go9Ws/Wm/U+b81Z2cw++AXr4xsfnpiy</latexit>

σ(v) = max(0, v)
<latexit sha1_base64="KOraXzkzksxELcclEuAszHQ5ksk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEFqTMVEE3QtGNywr2AZ2hZNJMG5pkhiRTLEPBX3HjQhG3foc7/8a0nYW2HrhwOOde7r0niBlV2nG+rdzK6tr6Rn6zsLW9s7tn7x80VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqGt1O/NSJS0Ug86HFMfI76goYUI22krn3kKdrnqDQqw2vocfRYcs5G5a5ddCrODHCZuBkpggz1rv3l9SKccCI0ZkipjuvE2k+R1BQzMil4iSIxwkPUJx1DBeJE+ens/Ak8NUoPhpE0JTScqb8nUsSVGvPAdHKkB2rRm4r/eZ1Eh1d+SkWcaCLwfFGYMKgjOM0C9qgkWLOxIQhLam6FeIAkwtokVjAhuIsvL5NmteKeV6r3F8XaTRZHHhyDE1ACLrgENXAH6qABMEjBM3gFb9aT9WK9Wx/z1pyVzRyCP7A+fwCe4ZP3</latexit>

σ(v) = exp
�

−γ||v − c||2
�

<latexit sha1_base64="idRiK23wWlbWm/+/6tNsyBTV7Qw="></latexit>



Choices of Output Function (1/2)

• For regression problems (i.e., finding 
relations between dependent and 
independent variables), the output 
function can be linear 

• Compare with least-squares 

approximation of data points using 
polynomials from previous courses.
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Hastie, T., R. Tibshirani, J. Friedman, & J. Franklin: The Elements of Statistical Learning: Data Mining, Inference and Prediction. 2nd Edition, Springer, 2005.

gk(T ) = Tk
<latexit sha1_base64="yiCBHpYP/oVAeqw/GID7IBWAVCo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkrSCnoRil48VugXtCFstpt2yWYTdjdCCf0bXjwo4tU/481/47bNQVsfDDzem2Fmnp9wprRtf1uFjc2t7Z3ibmlv/+DwqHx80lVxKgntkJjHsu9jRTkTtKOZ5rSfSIojn9OeH97P/d4TlYrFoq2nCXUjPBYsYARrIw3HXlhtX6Jb1PZCr1yxa/YCaJ04OalAjpZX/hqOYpJGVGjCsVIDx060m2GpGeF0VhqmiiaYhHhMB4YKHFHlZoubZ+jCKCMUxNKU0Gih/p7IcKTUNPJNZ4T1RK16c/E/b5Dq4MbNmEhSTQVZLgpSjnSM5gGgEZOUaD41BBPJzK2ITLDERJuYSiYEZ/XlddKt15xGrf54VWne5XEU4QzOoQoOXEMTHqAFHSCQwDO8wpuVWi/Wu/WxbC1Y+cwp/IH1+QMS8ZBn</latexit>



Choices of Output Function (2/2)

• For classification problems, 
the output function can be 

• Consider example with 
dimension four in the plot 
to the right.
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Hastie, T., R. Tibshirani, J. Friedman, & J. Franklin: The Elements of Statistical Learning: Data Mining, Inference and Prediction. 2nd Edition, Springer, 2005.

gk(T ) =
exp(Tk)

P
K

i=1
exp(Ti)

<latexit sha1_base64="sBH2fKzCCEfgM+NpnHc4mnxvbIU=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VoNyWpgm4KRTeCmwp9QRPDZDpph0wezEzEEvIdbvwVNy4UcSdu/BunbRbaeuDC4Zx7ufceN2ZUSMP41gorq2vrG8XN0tb2zu6evn/QFVHCMengiEW87yJBGA1JR1LJSD/mBAUuIz3Xv5r6vXvCBY3CtpzExA7QKKQexUgqydHNkeNX2lXYgJbHEU4t8hBX2o5fzVJLJIGT0oaZ3d3AXKfVzNHLRs2YAS4TMydlkKPl6J/WMMJJQEKJGRJiYBqxtFPEJcWMZCUrESRG2EcjMlA0RAERdjp7LYMnShlCL+KqQgln6u+JFAVCTAJXdQZIjsWiNxX/8waJ9C7slIZxIkmI54u8hEEZwWlOcEg5wZJNFEGYU3UrxGOkIpIqzZIKwVx8eZl06zXztFa/PSs3L/M4iuAIHIMKMME5aIJr0AIdgMEjeAav4E170l60d+1j3lrQ8plD8Afa1w8R0p+q</latexit>



Example of a Neural Network
14

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

Z1
<latexit sha1_base64="x7p3761RoBZBjFVyTF7mNEr5cuo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHfO42G</latexit>

Z2
<latexit sha1_base64="BL1HuyYbONUQR+LdKm15KBak+Ig=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rFX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPgv42H</latexit>

Z3
<latexit sha1_base64="Y8QmH3Wi0WY/nmroN4FeVTyKX/Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiPChswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kONiA==</latexit>

T1
<latexit sha1_base64="yQBvVrSRtnzPtUd/7gwTLR5LpvU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbPdtEs3m7A7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRAqDrvvtrK1vbG5tF3aKu3v7B4elo+OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8N/PbT1wbEasGThLuR3SoRCgYRSs9Nvpev1R2K+4cZJV4OSlDjnq/9NUbxCyNuEImqTFdz03Qz6hGwSSfFnup4QllYzrkXUsVjbjxs/mpU3JulQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U0GQnOGcmIJZVrYWwkbUU0Z2nSKNgRv+eVV0qpWvMtK9eGqXLvN4yjAKZzBBXhwDTW4hzo0gcEQnuEV3hzpvDjvzseidc3JZ07gD5zPH9YXjYA=</latexit>

σ(α0,m + α
T

m
X)

<latexit sha1_base64="7cDWgCgTygfc9RIF7CB/D/Ih4u4=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSK0KCWpgi6LblxW6AuaWG6m03boTBJmJkIJ/QY3/oobF4q4deXOv3HSZqGtBwbOnHMv997jR4xKZdvfRm5ldW19I79Z2Nre2d0z9w9aMowFJk0cslB0fJCE0YA0FVWMdCJBgPuMtP3xTeq3H4iQNAwaahIRj8MwoAOKQWmpZ5ZdSYccSi6waAS9xD7j09Psw+9dDmokeNKYdso9s2hX7BmsZeJkpIgy1Hvml9sPccxJoDADKbuOHSkvAaEoZmRacGNJIsBjGJKupgFwIr1kdtLUOtFK3xqEQr9AWTP1d0cCXMoJ93VluqNc9FLxP68bq8GVl9AgihUJ8HzQIGaWCq00H6tPBcGKTTQBLKje1cIjEICVTrGgQ3AWT14mrWrFOa9U7y6Ktessjjw6QseohBx0iWroFtVRE2H0iJ7RK3oznowX4934mJfmjKznEP2B8fkDKiKdyQ==</latexit>

β0,k + βT

k Z
<latexit sha1_base64="43yI/V9DdO+FnXBtdjWpvY20txU=">AAACCHicbZDLSsNAFIYnXmu9RV26MFgEQSlJFXRZdOOyQm/YxDCZTtshM5MwMxFKyNKNr+LGhSJufQR3vo2TNgtt/WHg4z/nMOf8QUyJVLb9bSwsLi2vrJbWyusbm1vb5s5uW0aJQLiFIhqJbgAlpoTjliKK4m4sMGQBxZ0gvM7rnQcsJIl4U41j7DE45GRAEFTa8s0DN8AK+ql9GmYnUw7vXQbVSLC0md35ZsWu2hNZ8+AUUAGFGr755fYjlDDMFaJQyp5jx8pLoVAEUZyV3UTiGKIQDnFPI4cMSy+dHJJZR9rpW4NI6MeVNXF/T6SQSTlmge7MV5Sztdz8r9ZL1ODSSwmPE4U5mn40SKilIitPxeoTgZGiYw0QCaJ3tdAICoiUzq6sQ3BmT56Hdq3qnFVrt+eV+lURRwnsg0NwDBxwAergBjRACyDwCJ7BK3gznowX4934mLYuGMXMHvgj4/MHwfSZ0Q==</latexit>



Training of a Neural Network

• Use training data to determine 

the parameters     of the model 
(e.g.,         in the example on the 
previous slide). 

• The parameters can be computed 
by minimizing a cost function – an 
optimization problem. 

• Examples of cost functions.

15

Squared-error cost function (regression):

Cross-entropy cost function (classification):

Hastie, T., R. Tibshirani, J. Friedman, & J. Franklin: The Elements of Statistical Learning: Data Mining, Inference and Prediction. 2nd Edition, Springer, 2005.

θ
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J(θ) = −

X

i,k

yi,k log (fk(xi))
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Gradient Descent (1/2)

• Gradient descent is a method to find a local minimum to 
a (differentiable) cost function using only first-order 
derivatives. 

• Recall from the courses in calculus that a function 
decreases most rapidly when moving in the negative 

direction of the gradient.
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Gradient Descent (2/2)

• Iterative method for moving towards a local minimum:

17

+
+
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θi+1 = θi � γrJ(θi)
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γ – learning rate (pre-determined parameter)
θ0 – initial guess for parameters
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Stochastic Gradient Descent (SGD)
• Computation of the gradient becomes a challenge when the number of data 

points increases to large numbers or network output time-consuming to 

compute. 

• Stochastic gradient descent has been suggested to mitigate this: 

• Randomly select a batch of the data points (in the limit only one) and 
perform gradient descent. Idea for reducing size of parameter-

optimization problem: 

• Repeat until a local minimum has been reached (termination condition).
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Backpropagation

• Recall the automatic differentiation method for 
computing derivatives from Lecture 5. 

• Neural networks are often trained using backpropagation, 
which also utilizes the chain rule to compute the desired 

derivatives efficiently and accurately (reverse-mode 
automatic differentiation, see Lecture 5).
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Deep Neural Networks

• The neural networks considered so far only consist of one hidden layer. 

• Deep neural networks comprise multiple hidden layers, where each 
layer can be considered as an abstraction. 

• Idea: Features in the training data captured by the neural network. 

• Large variety of network structures (number of layers, how many 
neurons in each, types of neurons, connectivity, etc.). 

• Typically a composition of layers of different network primitives.
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Recurrent and Convolutional Neural Networks

• A recurrent neural network also has internal feedback loops (modeling 
a local memory). 

• A convolutional neural network comprises layers where convolution 
operators act. 

• Instead of fully connected layers, local spatial information is modeled 
through the convolutions. 

• Often used for neural networks involving inputs with a grid structure, 
like a camera image or written text.
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Example Structure of Convolutional Neural Networks
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Picture (c) by Aphex34, CC BY-SA 4.0 (via Wikipedia)



Architectures for Neural Networks (1/2) 23

Picture from https://www.asimovinstitute.org/neural-network-zoo/



Architectures for Neural Networks (2/2) 24

Picture from https://www.asimovinstitute.org/neural-network-zoo/



Parameter Optimization

• Several extensions and variants of stochastic gradient 

descent exist for improved performance (e.g., momentum 
acceleration, Nesterov accelerated gradient, AdaGrad, 
RMSProp, and Adam). 

• Choice of initial values of model parameters in the 
gradient descent.
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Overfitting of Model Parameters (1/3)

• Overfitting of model parameters to training data is a 
common challenge in any function approximation. 

• With high-dimensional parameter vectors, it is easy to 
obtain overfitting to the particular data used for training.  

• For example, being sensitive to noise in the data and not 
modeling the actual underlying function characteristics. 
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Overfitting of Model Parameters (2/3)

• Example: Fit a high-order polynomial 

model (14th order) and a neural network 

model (30 hidden neurons), respectively.  

• 20 data points, where noise from a Normal 
distribution with standard deviation 0.2 has 
been added, from the function 

• Clear overfitting in polynomial model.
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x sin(x), x ∈ [0, 5]
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Overfitting of Model Parameters (3/3)
• Methods used for mitigating overfitting: 

• Early termination in the SGD. 

• Regularization terms in cost function, e.g., 

• Empirical methods to avoid overfitting are, e.g., 

• Dropout (randomly disconnect a subset of the nodes in each phase 
of the training and then re-connect them again). 

• To avoid getting stuck in local minima in the optimization, training the 
network with many different initial guesses of the parameters in SGD is 
beneficial.
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Imbalanced Learning

• Imbalance in the training data for a neural network aimed at 
classification can result in a biased classifier. 

• Example is when data from one or more classes are 
overrepresented compared to other classes. 

• One approach to remedy this is to weight underrepresented 

classes when creating the training data set by sampling (with 

replacement) from the actual data set.
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Imbalanced Learning – Example

• Example: Assume that the task is to predict 

if a certain vehicle will change lane within 
the next few seconds. 

• If the training data consist of 99 % cases 
driving forward, a model always predicting 
moving forward would have an accuracy of 
99 % for that data set.  

• Clearly such a predictor is not satisfactory, 
since the important lane-change situations 
will never be predicted – imbalance in data.
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Example: Simple Neural Network for Regression

• Given 20 samples from the 
nonlinear function 

• A neural network 

approximation with one 

hidden layer with 30 
neurons shown in red. 
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y = x sin(x), x ∈ [0, 5]
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Hand-in Exercise 5: Neural Network for Intent Prediction

• In Hand-in Exercise 5, lane-

change predictions are 
computed based on driver 

data from the I-80 highway 
section in the U.S.  

• A neural network is trained 
as a classifier using 41 
features in 4 383 trajectories.
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Introduction to Reinforcement Learning



Introduction to Reinforcement Learning (1/2)

• In some environments or scenarios, it is difficult to explicitly model the 

dynamics (e.g., an autonomous vehicle in an unstructured environment).  

• How to find control laws under uncertainty and (partially) unknown 

dynamics, and in addition possibly uncertain state information? 

• In control engineering: system identification, control (e.g., adaptive and 
stochastic), and observer design. 

• Reinforcement learning has successfully been used for various challenging 
scenarios (computer games, chess, Go, robot control, etc.). 

• Often scenarios with a closed world and, e.g., distinct rules like in games.
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Introduction to Reinforcement Learning (2/2)

• Learn how to act optimally in each state in the world model (a policy), by 
interacting with the environment and maximize an accumulated 

received reward signal. 

• Learn which actions to take in different situations by sequentially taking 

actions and exploring the environment. 

• Trade-off between exploration and exploitation. 

• Uncertain environments, typically modeled using probability 
distributions.
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A First Example – K-Armed Bandit (1/4)

• A classical first example in reinforcement learning is the so called k-

armed bandit problem. 

• Consider choosing between k = 3 different actions at every time 
step (corresponding to 3 different arms on a slot machine).  

• Each action results in a reward according to an a priori 

unknown normal distribution with constant mean and variance. 

• The objective is to maximize the accumulated reward over a 
specified number of time steps.
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A First Example – K-Armed Bandit (2/4)
• Let us try to decide on the optimal action (policy) by interacting with the 3-

armed bandit, i.e., sequentially choosing and applying actions and 

observing the rewards obtained. 

• Introduce a function that measures the value of a particular action: 

• Actions chosen according to an epsilon-greedy policy, where a random 

action is chosen with probability     (exploration) and else the currently greedy 

action (exploitation) is chosen as

37

Qt(a) =
sum of rewards when action a chosen

total number of times action a chosen
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A First Example – K-Armed Bandit (3/4) 38

Iteration Type

1 4.8510 6.1812 5.2415 4.8510    6.1812    5.2415 1,2,3 Initial

2 4.8892 6.1812 5.2415 4.9273          1 Explore

3 4.8892 5.6798 5.2415 5.1784          2 Exploit

4 4.8892 5.6487 5.2415 5.5864          2 Exploit

5 4.8892 5.6487 4.8661 4.490 3 Explore

6 4.8892 5.4258 4.8661 4.7572          2 Exploit

7 4.8892 4.9476 4.8661 3.0346          2 Exploit

8 4.8892 4.9476 5.9204 8.029 3 Explore

9 4.8892 4.9476 6.0912 6.603 3 Exploit

10 4.8892 4.9476 6.4277 7.773 3 Exploit

11 4.9536 4.9476 6.4277 5.0826          1 Explore

12 4.9536 4.9476 6.1285 4.632 3 Exploit

Qt(a1) Qt(a2) Qt(a3) Rt(a1) Rt(a2) Rt(a3) a



A First Example – K-Armed Bandit (4/4)

• The actual parameters of the normal distributions of the 3-armed 
bandit example are (mean and standard deviation): 

• The example introduces many key features of reinforcement learning: 

• Exploration/exploitation to both gain and use information, 
estimate value of an action by repeated interactions by the agent 
with the environment, and stochastic uncertainty in the world. 

• In this example, the reward is not dependent on a state. This will be 
considered in the formal definition of a Markov decision process.
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Action 1: µ1 = 5.5, σ1 = 1 Action 2: µ2 = 5, σ2 = 1 Action 3: µ3 = 6, σ3 = 1
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The Agent-Environment Interaction Model

• Searching for a policy (control law) on how to act in each state.

40

Agent

Environment

Sutton, R. S., & A. G. Barto: Reinforcement learning: An introduction. MIT Press, 2018.
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Definition of Concepts

• Agent – the controller subject to learning. 

• Environment – the agent interacts with the surroundings 
(controlled system). 

• Action                   – control signal decided by the agent. 

• State              – describes all relevant aspects of the environment. 

• Reward               – numerical value given by the environment and 
received by the agent as a result of the action taken.
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At ∈ A(s)
<latexit sha1_base64="tgW2O6Mj0QWl2mff1j6t/y8ZXc0=">AAACAHicbVBNS8NAEJ34WetX1IMHL4tFqJeSVEGPrV48VrAf0JSy2W7apZtN2N0IJfTiX/HiQRGv/gxv/hs3bQ7a+mDg8d4MM/P8mDOlHefbWlldW9/YLGwVt3d29/btg8OWihJJaJNEPJIdHyvKmaBNzTSnnVhSHPqctv3xbea3H6lULBIPehLTXoiHggWMYG2kvn1c72vkMYG8EOsRwTytT8vqHPXtklNxZkDLxM1JCXI0+vaXN4hIElKhCcdKdV0n1r0US80Ip9OilygaYzLGQ9o1VOCQql46e2CKzowyQEEkTQmNZurviRSHSk1C33RmZ6pFLxP/87qJDq57KRNxoqkg80VBwpGOUJYGGjBJieYTQzCRzNyKyAhLTLTJrGhCcBdfXiatasW9qFTvL0u1mzyOApzAKZTBhSuowR00oAkEpvAMr/BmPVkv1rv1MW9dsfKZI/gD6/MHF1aVbw==</latexit>

St ∈ S
<latexit sha1_base64="qs5cEtYvlEAbV0u23ph3MYsT/s4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JUQZdFNy4rtQ9oQplMp+3QySTM3Ag1FH/FjQtF3Pof7vwbJ20W2npg4HDOvdwzJ4gF1+A431ZhZXVtfaO4Wdra3tnds/cPWjpKFGVNGolIdQKimeCSNYGDYJ1YMRIGgrWD8U3mtx+Y0jyS9zCJmR+SoeQDTgkYqWcfNXqAPS6xFxIYUSLSxhT37LJTcWbAy8TNSRnlqPfsL68f0SRkEqggWnddJwY/JQo4FWxa8hLNYkLHZMi6hkoSMu2ns/RTfGqUPh5EyjwJeKb+3khJqPUkDMxkllEvepn4n9dNYHDlp1zGCTBJ54cGicAQ4awK3OeKURATQwhV3GTFdEQUoWAKK5kS3MUvL5NWteKeV6p3F+XadV5HER2jE3SGXHSJaugW1VETUfSIntErerOerBfr3fqYjxasfOcQ/YH1+QOgSJSx</latexit>

Rt ∈ R
<latexit sha1_base64="BIg7LpRNrEGKuFIldk6ftJUj1wk=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KkkVdFl047IW+4CmlMl00g6dTMLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWeOH3OmtON8W2vrG5tb26Wd8u7e/sGhfXTcUVEiCW2TiEey52NFORO0rZnmtBdLikOf064/vc397iOVikXiQacxHYR4LFjACNZGGtqV1lAjjwnkhVhPCOZZaza0q07NmQOtErcgVSjQHNpf3igiSUiFJhwr1XedWA8yLDUjnM7KXqJojMkUj2nfUIFDqgbZPPwMnRllhIJImic0mqu/NzIcKpWGvpnMI6plLxf/8/qJDq4HGRNxoqkgi0NBwpGOUN4EGjFJieapIZhIZrIiMsESE236KpsS3OUvr5JOveZe1Or3l9XGTVFHCU7gFM7BhStowB00oQ0EUniGV3iznqwX6936WIyuWcVOBf7A+vwBQGyUhQ==</latexit>



Markov Decision Process (MDP) (1/3)

• Markov decision processes (MDPs) are a mathematical 
framework for sequential decision-making problems.  

• Basis for formulation of many reinforcement learning 
problems, here we consider finite MDPs. 

• Maximize the (discounted) accumulated return
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Gt = Rt+1 + γRt+2 + γ
2
Rt+3 + . . . =

∞X

k=0

γ
k
Rt+k+1

<latexit sha1_base64="/7bprPiI0IRh7/2/tYZHhlx+2cI="></latexit>



Markov Decision Process (MDP) (2/3)
• Policy defines action to be taken (updated sequentially)  

• The state-value function defines expected return, given policy 

• The action-value function defines the expected value of an 
action in a certain state
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a = π(s), or π(a|s) = P(At = a|St = s)
<latexit sha1_base64="6ihq+UkV+hdBrCr8WyQdKjL2L5w="></latexit>

vπ(s) = Eπ(Gt|St = s) = Eπ

 

∞
X

k=0

γ
k
Rt+k+1|St = s

!

<latexit sha1_base64="KCI753n29DVIXUoAJkeqHB+GYJg="></latexit>

qπ(s, a) = Eπ(Gt|St = s,At = a) = Eπ

 

∞
X

k=0

γ
kRt+k+1|St = s,At = a

!

<latexit sha1_base64="w9F3g3TPJxwLHx2/7c0C607RRy4="></latexit>



Markov Decision Process (MDP) (3/3)

• The state transition resulting from an action described by 

• The MDP consists of the following (finite) sets, reward 

signal, and state-transition and reward probabilities
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p(s0, r|s, a) = P(St = s0, Rt = r|St�1 = s,At�1 = a)
<latexit sha1_base64="npgY99Em62sp1ly/cmoH3HPF1GA="></latexit>

S, A, R, p(s0, r|s, a)
<latexit sha1_base64="PwCqQvPGIdLpsJnzMKhrZ73DUmY=">AAACIXicbVDLSsNAFJ34rPUVdelmsIgVSkmqYJdVNy7row9oQplMJ+3QyYOZiVBif8WNv+LGhSLdiT/jJA1iWw8MnHPuvcy9xwkZFdIwvrSl5ZXVtfXcRn5za3tnV9/bb4og4pg0cMAC3naQIIz6pCGpZKQdcoI8h5GWM7xO6q1HwgUN/Ac5Contob5PXYqRVFZXr1oekgOMWHw/LkEL/srLWXmXyrAoTkr8SZTQaVcvGGUjBVwkZkYKIEO9q0+sXoAjj/gSMyRExzRCaceIS4oZGeetSJAQ4SHqk46iPvKIsOP0wjE8Vk4PugFXz5cwdf9OxMgTYuQ5qjPZWMzXEvO/WieSbtWOqR9Gkvh4+pEbMSgDmMQFe5QTLNlIEYQ5VbtCPEAcYalCzasQzPmTF0mzUjbPypXb80LtKosjBw7BESgCE1yAGrgBddAAGDyDV/AOPrQX7U371CbT1iUtmzkAM9C+fwD4+qIc</latexit>



State and Action-Value Functions – Example
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q(s0, a3)
<latexit sha1_base64="e8CLJORgubEQlh7z3xIYjN36L3g=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0WoICFJQ1t3RTcuK9gHtiFMptN26GQSZyZCCf0LNy4UcevfuPNvnLQVVPTAhcM593LvPUHMqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVtGicCkhSMWiW6AJGGUk5aiipFuLAgKA0Y6weQy8zv3REga8Rs1jYkXohGnQ4qR0tLtXVn61hnyK6d+sWSZ5/Wq41ahZVpWzXbsjDg1t+JCWysZSmCJpl987w8inISEK8yQlD3bipWXIqEoZmRW6CeSxAhP0Ij0NOUoJNJL5xfP4IlWBnAYCV1cwbn6fSJFoZTTMNCdIVJj+dvLxL+8XqKGdS+lPE4U4XixaJgwqCKYvQ8HVBCs2FQThAXVt0I8RgJhpUMq6BC+PoX/k7Zj2hXTuXZLjYtlHHlwBI5BGdigBhrgCjRBC2DAwQN4As+GNB6NF+N10ZozljOH4AeMt09MtJAH</latexit>

q(s0, a2)
<latexit sha1_base64="1KGY5p5mQgeFHJax+fXuwL6P9Ro=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0WoICFJQ1t3RTcuK9gHtiFMptN26GQSZyZCCf0LNy4UcevfuPNvnLQVVPTAhcM593LvPUHMqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVtGicCkhSMWiW6AJGGUk5aiipFuLAgKA0Y6weQy8zv3REga8Rs1jYkXohGnQ4qR0tLtXVn61hnynVO/WLLM83rVcavQMi2rZjt2RpyaW3GhrZUMJbBE0y++9wcRTkLCFWZIyp5txcpLkVAUMzIr9BNJYoQnaER6mnIUEuml84tn8EQrAziMhC6u4Fz9PpGiUMppGOjOEKmx/O1l4l9eL1HDupdSHieKcLxYNEwYVBHM3ocDKghWbKoJwoLqWyEeI4Gw0iEVdAhfn8L/Sdsx7YrpXLulxsUyjjw4AsegDGxQAw1wBZqgBTDg4AE8gWdDGo/Gi/G6aM0Zy5lD8APG2ydLL5AG</latexit>

q(s0, a1)
<latexit sha1_base64="ujuhFnI7g8vMliGDYf6+iMcVcmA=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0WoICFJQ1t3RTcuK9gHtiFMptN26GQSZyZCCf0LNy4UcevfuPNvnLQVVPTAhcM593LvPUHMqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVtGicCkhSMWiW6AJGGUk5aiipFuLAgKA0Y6weQy8zv3REga8Rs1jYkXohGnQ4qR0tLtXVn61hny7VO/WLLM83rVcavQMi2rZjt2RpyaW3GhrZUMJbBE0y++9wcRTkLCFWZIyp5txcpLkVAUMzIr9BNJYoQnaER6mnIUEuml84tn8EQrAziMhC6u4Fz9PpGiUMppGOjOEKmx/O1l4l9eL1HDupdSHieKcLxYNEwYVBHM3ocDKghWbKoJwoLqWyEeI4Gw0iEVdAhfn8L/Sdsx7YrpXLulxsUyjjw4AsegDGxQAw1wBZqgBTDg4AE8gWdDGo/Gi/G6aM0Zy5lD8APG2ydJqpAF</latexit>

v(s1)
<latexit sha1_base64="Rgjz7JFD3d4WRxfeGiWMh3Of4u0=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6GWamQ1t3RTcuK9gHtEPJpGkbm0mGJFMoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFhr6xubW9u5nfzu3v7BYeHouKVEIjFpYsGE7IRIEUY5aWqqGenEkqAoZKQdTq4zvz0lUlHB7/QsJkGERpwOKUbaSK1pSfXdi36h6NiXtYrnV6BjO07V9dyMeFW/7EPXKBmKYIVGv/DeGwicRIRrzJBSXdeJdZAiqSlmZJ7vJYrECE/QiHQN5SgiKkgX187huVEGcCikKa7hQv0+kaJIqVkUms4I6bH67WXiX1430cNakFIeJ5pwvFw0TBjUAmavwwGVBGs2MwRhSc2tEI+RRFibgPImhK9P4f+k5dlu2fZu/WL9ahVHDpyCM1ACLqiCOrgBDdAEGNyDB/AEni1hPVov1uuydc1azZyAH7DePgEF2I7G</latexit>

v(s2)
<latexit sha1_base64="OetF+Q8pwISEwVngSiBqaEI156k=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6GWamQ1t3RTcuK9gHtEPJpGkbm0mGJFMoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFhr6xubW9u5nfzu3v7BYeHouKVEIjFpYsGE7IRIEUY5aWqqGenEkqAoZKQdTq4zvz0lUlHB7/QsJkGERpwOKUbaSK1pSfW9i36h6NiXtYrnV6BjO07V9dyMeFW/7EPXKBmKYIVGv/DeGwicRIRrzJBSXdeJdZAiqSlmZJ7vJYrECE/QiHQN5SgiKkgX187huVEGcCikKa7hQv0+kaJIqVkUms4I6bH67WXiX1430cNakFIeJ5pwvFw0TBjUAmavwwGVBGs2MwRhSc2tEI+RRFibgPImhK9P4f+k5dlu2fZu/WL9ahVHDpyCM1ACLqiCOrgBDdAEGNyDB/AEni1hPVov1uuydc1azZyAH7DePgEHXY7H</latexit>

v(s3)
<latexit sha1_base64="t1Pb64wRboxg8gP/b5zIZ7nYDMA=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6GWamQ1t3RTcuK9gHtEPJpGkbm0mGJFMoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxgzqrTjfFhr6xubW9u5nfzu3v7BYeHouKVEIjFpYsGE7IRIEUY5aWqqGenEkqAoZKQdTq4zvz0lUlHB7/QsJkGERpwOKUbaSK1pSfXLF/1C0bEvaxXPr0DHdpyq67kZ8ap+2YeuUTIUwQqNfuG9NxA4iQjXmCGluq4T6yBFUlPMyDzfSxSJEZ6gEekaylFEVJAurp3Dc6MM4FBIU1zDhfp9IkWRUrMoNJ0R0mP128vEv7xuooe1IKU8TjTheLlomDCoBcxehwMqCdZsZgjCkppbIR4jibA2AeVNCF+fwv9Jy7Pdsu3d+sX61SqOHDgFZ6AEXFAFdXADGqAJMLgHD+AJPFvCerRerNdl65q1mjkBP2C9fQII4o7I</latexit>

v(s0)
<latexit sha1_base64="mfGz0CANZ/LkUoQaNU8XW99SfwU=">AAAB7XicdVDLSgMxFM34rPVVdekmWIS6GTLToa27ohuXFewD2qFk0rSNzUyGJFMoQ//BjQtF3Po/7vwbM20FFT1w4XDOvdx7TxBzpjRCH9ba+sbm1nZuJ7+7t39wWDg6bimRSEKbRHAhOwFWlLOINjXTnHZiSXEYcNoOJteZ355SqZiI7vQspn6IRxEbMoK1kVrTkuqji36hiOzLWsX1KhDZCFUd18mIW/XKHnSMkqEIVmj0C++9gSBJSCNNOFaq66BY+ymWmhFO5/leomiMyQSPaNfQCIdU+eni2jk8N8oADoU0FWm4UL9PpDhUahYGpjPEeqx+e5n4l9dN9LDmpyyKE00jslw0TDjUAmavwwGTlGg+MwQTycytkIyxxESbgPImhK9P4f+k5dpO2XZvvWL9ahVHDpyCM1ACDqiCOrgBDdAEBNyDB/AEni1hPVov1uuydc1azZyAH7DePgEEU47F</latexit>



The Markov Assumption
• The Markovian assumption implies that all information 

needed is contained in the current state. 

• In terms of probabilities, this can be expressed as 

• This assumption is fundamental in the formulation of the 
MDP, since state and action-value functions depend only 
on the current state.
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P(St, Rt|At−1, St−1, . . . , A0, S0) = P(St, Rt|At−1, St−1)
<latexit sha1_base64="wMd6VzNncAlEJD7XncH8v381eXE="></latexit>



Partially Observable Markov Decision Process (POMDP)

• In the MDP formulation, it has so far been assumed that 
the current state is fully observable. 

• What if all states are not known, or cannot be measured? 

• Partially observable MDP (POMDP) takes the uncertainty 
in the state into account, by introduction of a belief state 
that is updated based on observations.
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Optimality

• In reinforcement learning, policies maximizing the total reward 
are searched for  

• The optimal value function and optimal action-value function 
are given by 

• Must hold all for all states and all allowed state-action pairs. 
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π∗ = argmax
π
vπ(s)

<latexit sha1_base64="G28S6j5/2OU3P/ItP6rNWyigH1U=">AAACC3icbVDLSgMxFM34rPU16tJNaBGqizJTBd0IRTcuK9gHdMqQSdM2NPMguVNahu7d+CtuXCji1h9w59+YaWehrQcSDufce5N7vEhwBZb1baysrq1vbOa28ts7u3v75sFhQ4WxpKxOQxHKlkcUEzxgdeAgWCuSjPieYE1veJv6zRGTiofBA0wi1vFJP+A9TgloyTULTsTdM3yNHWBjSIjs+2Q8dbWKR+ldUqeuWbTK1gx4mdgZKaIMNdf8crohjX0WABVEqbZtRdDRs4FTwaZ5J1YsInRI+qytaUB8pjrJbJcpPtFKF/dCqU8AeKb+7kiIr9TE93SlT2CgFr1U/M9rx9C76iQ8iGJgAZ0/1IsFhhCnweAul4yCmGhCqOT6r5gOiCQUdHx5HYK9uPIyaVTK9nm5cn9RrN5kceTQMSqgErLRJaqiO1RDdUTRI3pGr+jNeDJejHfjY166YmQ9R+gPjM8f7t+aWQ==</latexit>

v∗(s) = max
π

vπ(s), q∗(s, a) = max
π

qπ(s, a)
<latexit sha1_base64="eqhgUxEpFWYk2G3yxWp+Shgqm8M=">AAACKXicbVDLSgMxFM3UV62vUZdugkWoUspMFXQjFN24rGAf0CnDnTRtQzOPJpliKf0dN/6KGwVF3fojZtoubOuBhMM555Lc40WcSWVZX0ZqZXVtfSO9mdna3tndM/cPqjKMBaEVEvJQ1D2QlLOAVhRTnNYjQcH3OK15vdvErw2okCwMHtQwok0fOgFrMwJKS65ZGrhnOXmKr7Hjw6PrRAwPkltreez0Y2jhfpLIw1ymP81o1TWzVsGaAC8Te0ayaIaya745rZDEPg0U4SBlw7Yi1RyBUIxwOs44saQRkB50aEPTAHwqm6PJpmN8opUWbodCn0Dhifp3YgS+lEPf00kfVFcueon4n9eIVfuqOWJBFCsakOlD7ZhjFeKkNtxighLFh5oAEUz/FZMuCCBKl5vRJdiLKy+TarFgnxeK9xfZ0s2sjjQ6Qscoh2x0iUroDpVRBRH0hF7QO/owno1X49P4nkZTxmzmEM3B+PkFEdOjeg==</latexit>



The Bellman Optimality Equations

• The Bellman optimality equations define recursive 
relationships for value function and action-value functions. 

• Optimality equation for the value function (           ) 

• Optimality equation for the action-value function (           )
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s → s
0

<latexit sha1_base64="LOPhFUtUV5FxciZRwHHywgmIGtk=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlZkq6LLoxmUF+4B2KJn0ThuayYxJRihDf8KNC0Xc+jvu/BvTdhbaeiBwOOdecs8JEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGiu1NemamOizXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezeCTm1Sp+EsbJPGjJTf29kNNJ6HAV2MqJmqBe9qfif10lNeO1nXCapQcnmH4WpIDbjNDzpc4XMiLEllClubyVsSBVlxlZUtCV4i5GXSbNa8S4q1fvLcu0mr6MAx3AC5+DBFdTgDurQAAYCnuEV3pxH58V5dz7moytOvnMEf+B8/gAaCY9a</latexit>

s → s
0

<latexit sha1_base64="LOPhFUtUV5FxciZRwHHywgmIGtk=">AAAB73icbVDLSgMxFL3js9ZX1aWbYBFdlZkq6LLoxmUF+4B2KJn0ThuayYxJRihDf8KNC0Xc+jvu/BvTdhbaeiBwOOdecs8JEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGiu1NemamOizXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezeCTm1Sp+EsbJPGjJTf29kNNJ6HAV2MqJmqBe9qfif10lNeO1nXCapQcnmH4WpIDbjNDzpc4XMiLEllClubyVsSBVlxlZUtCV4i5GXSbNa8S4q1fvLcu0mr6MAx3AC5+DBFdTgDurQAAYCnuEV3pxH58V5dz7moytOvnMEf+B8/gAaCY9a</latexit>

v⇤(s) = max
a2A(s)

qπ⇤
(s, a) = max

a

X

s0,r

p(s0, r|s, a)(r + γv⇤(s
0))

<latexit sha1_base64="pD7XEmmPTUkEPngmhOB2ZAt75KY="></latexit>

q⇤(s, a) = E
⇣

Rt+1 + γmax
a0

q⇤(St+1, a
0)|St = s,At = a

⌘

=
X

s0,r

p(s0, r|s, a)(r + γmax
a0

q⇤(s
0, a0))

<latexit sha1_base64="yUAOZce8T99YQl6H0783gHmr5Vo="></latexit>



Dynamic Programming in Reinforcement Learning

• Dynamic programming (DP) can be used to solve a problem 
formulated as a finite MDP, given exact model knowledge. 

• Basic idea: Search for optimal policies using the Bellman 

optimality equations for the value or action-value functions. 

• Two main variants: policy iteration (initialize, policy 
evaluation, policy improvement, repeat) and value iteration 
(next slide).
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Value Iteration towards an Optimal Policy

• After convergence, it holds that                    . 
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V (s) = v∗(s)
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Bellman optimality equation



Unknown Environment and Exploration vs. Exploitation (1/2)

• Policy and value iterations rely on known state-transition 

and reward probabilities. 

• What if these are not known a priori and the environment 

is unknown? 

• Learn the characteristics of the environment by 
interacting with it.
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Unknown Environment and Exploration vs. Exploitation (2/2)

• Leads to the question of trade-off between exploration 
(test new actions to investigate the environment) and 
exploitation (use the information acquired so far and act 
according to best possible strategy). 

• Epsilon-greedy exploration common choice:
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π(a|s) =

(

1� ε+ ε

|A| , a = argmax
a
Q(s, a)

ε

|A| , a 6= argmax
a
Q(s, a)
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Temporal Difference (TD) Learning
• Temporal-difference methods try to learn optimal policies without 

explicit knowledge of the environment and its dynamics. 

• Concepts from dynamic programming and Monte Carlo methods used 
and combined, by bootstrapping (update estimates based on other 
learned estimates). 

• Temporal-difference (TD) error: 

• Basic idea: successively update the value function as (    is a parameter) 

• Common methods of this type are SARSA and Q-learning (next slide).
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∆TD = Rt+1 + γV (St+1)− V (St)
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V (St) = V (St) + α∆TD
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Q-Learning

• Q-learning is called an off-policy TD method; SARSA is a 
common on-policy method.
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Q(s, a) ≈ q∗(s, a)
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Temporal-difference (TD) error



Value-Function and Action-Value Approximations
• When the state and action spaces increase in dimension, 

parameterized functions can be used to approximate the value 
function or action-value function 

• Common choices of functions are linear, polynomials, neural 
networks, etc. 

• Reformulate previous methods to update parameters instead of 
value or action-value functions directly (e.g., using gradient 
descent).
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v∗(s) ≈ v̂(s; θ), q∗(s, a) ≈ q̂(s, a; θ), θ parameters
<latexit sha1_base64="ayRd1KiS7XRbuoZaE2vgGMY/4Wk="></latexit>



Policy-Gradient Methods

• An alternative method to approximating the value or action-value 
functions is to directly parameterize the policy (possibly along 
with value function) as 

• Then update parameters      based on some performance      
metric           (compare with cost function from Lecture 5).      

• Common methods in this category are REINFORCE and Actor-

Critic.
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π(a|s, θ) = P(At = a|St = s, θt = θ)
<latexit sha1_base64="cg+RZatbuyOPvEK7c6oapZAqFms="></latexit>
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J(θ)
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Simulation as a Tool for Reinforcement Learning

• In some environments, it could be challenging to 

iteratively interact with the environment by actual 

experiments. 

• A simulated environment can therefore be used to train 
the algorithm (possibly also reducing the time to perform 
the required experiments).
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Reinforcement Learning in Hand-in Exercise 5

• Autonomous vehicle moves in 
a grid world from start to goal. 

• Stochastic winds might lead to 
detour from intended action. 

• Cliffs should be avoided 
(negative reward). 

• Small negative reward for 
states other than those in the 
lower row.
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Expanded version of Example 6.6 in Sutton, R. S., & A. G. Barto: Reinforcement learning: An introduction. MIT Press, 2018.



Combining Neural Networks and 
Reinforcement Learning – Deep Q-Learning



Introduction
• For cases where it is infeasible to use a tabular Q-function, 

approximations using neural networks could be used. 

• Consider, e.g., continuous states and actions, discretization often 
results in very large tabular Q-functions. 

• One example of such an approach is Deep Q-learning. Introduce the 
approximation  

• The parameter vector    defines the neural-network model, could be 
high-dimensional, but still significantly less than a tabular Q-function.
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q∗(s, a) ≈ Q(s, a; θ)
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Deep Q-Learning (1/3)
• Deep Q-learning builds on experience replay, let the agent interact 

with the environment through several episodes (e.g., using an 
epsilon-greedy strategy) and observe the results. 

• Record the outcome of the actions of the agent at each time step 
as the tuple 

• For increased stability of the method, two neural networks with the 
same structure but different parameter vectors    and       are used.
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(state, action, reward, next state) = (St, At, Rt, St+1)
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Deep Q-Learning (2/3)

• Recall the temporal-difference (TD) error. The parameter 
vector are updated by minimizing the squared difference 
between the target and the prediction as 

• Gradient descent used to iteratively updating the 
parameter vector    (typically performed sequentially).
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Target Prediction

Mnih, V., Kavukcuoglu, K., Silver, D. et al: ”Human-level control through deep reinforcement learning”, Nature 518, 529–533, 2015.

minimizeθ

T
X

t=1

⇣

Rt + γmax
a0

Q̂(St+1, a
0; θ�)−Q(St, At; θ)

⌘2
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Deep Q-Learning (3/3)

• After a pre-defined number of steps, the parameters of the 
target neural network are updated to match the predictor 

network 

• Double deep Q-learning separates the target and predictor 
parts even further (not further discussed here). 

• Error clipping between -1 and 1 further improves the method.

64

θ
−

= θ
<latexit sha1_base64="+5XBSWwxIT1ht7pcPq0aeIkXCf8=">AAAB+nicbZDLSgNBEEV7fMb4mujSTWMQ3BhmoqAbIejGZQTzgGQMPZ2apEnPg+4aJcR8ihsXirj1S9z5N3aSWWjihYbDrSqq+vqJFBod59taWl5ZXVvPbeQ3t7Z3du3CXl3HqeJQ47GMVdNnGqSIoIYCJTQTBSz0JTT8wfWk3ngApUUc3eEwAS9kvUgEgjM0VscutLEPyO5P6CWdYccuOiVnKroIbgZFkqnasb/a3ZinIUTIJdO65ToJeiOmUHAJ43w71ZAwPmA9aBmMWAjaG01PH9Mj43RpECvzIqRT9/fEiIVaD0PfdIYM+3q+NjH/q7VSDC68kYiSFCHis0VBKinGdJID7QoFHOXQAONKmFsp7zPFOJq08iYEd/7Li1Avl9zTUvn2rFi5yuLIkQNySI6JS85JhdyQKqkRTh7JM3klb9aT9WK9Wx+z1iUrm9knf2R9/gAi5JNF</latexit>

Mnih, V., Kavukcuoglu, K., Silver, D. et al: ”Human-level control through deep reinforcement learning”, Nature 518, 529–533, 2015.



Example: Deep Q-Learning in Highway Scenario (1/3)
• Highway scenario used in extra assignment in Hand-in Exercise 5. 

• Navigate through the lanes, with multiple vehicles driving, states 
and actions are continuous variables. 

• Even with a coarse discretization of the continuous variables, Q-
learning with a discrete, tabular Q-function would be infeasible.
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Example: Deep Q-Learning in Highway Scenario (2/3)

• Instead apply deep Q-learning using a neural-network approximation. 

• Neural network has 73 753 parameters. Quite a lot, but still 
significantly less than the size of a corresponding discretized table.
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Example: Deep Q-Learning in Highway Scenario (3/3)

• The agent chooses actions 
according to an epsilon-

greedy strategy during 
training, gives a trade-off 
between exploration and 
exploitation.  

• Sequences of such phases 
during training.
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Software Libraries for Machine Learning



Some Tools for Neural Networks

• TensorFlow open-source library for machine learning, notably 
neural networks with high-dimensional parameter vectors and 
large amount of data. 

• https://www.tensorflow.org, https://playground.tensorflow.org/ 

• Keras is a high-level interface to TensorFlow. 

• PyTorch is an open-source library for machine learning with 
support for deep neural networks. 

• http://pytorch.org/
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Toolkit for Reinforcement Learning

• OpenAI Gym toolkit for reinforcement learning (collection of 
example problems and environments, and interfaces to other 
libraries such as TensorFlow). 

• https://gym.openai.com 

• Environments for implementation and evaluation of 
reinforcement-learning methods for traffic scenarios: 

• https://github.com/eleurent/highway-env
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